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In the 1970s a SU(3) gauge theory was proposed to describe the strong interac-
tions [1–6]. The fundamental particles out of which hadrons are built are the quarks
and the gluons, whose charge, called color, is responsible for the strong interactions.
Quarks and gluons belong respectively to the fundamental and adjoint representa-
tions of color SU(3), and the theory with this gauge group and particle content is
called Quantum Chromo Dynamics (QCD).
In 1973 Politzer [7] and independently Gross and Wilczek [8] showed that QCD
is asymptotically free if the number of quark flavors is not too big. Asymptotic
freedom ensures that at sufficiently high momentum transfer, quarks and gluons
interact weakly. We can represent this behavior with a “running coupling constant”
αS(µ) where µ is the energy scale relevant in the process. When µ grows, αS(µ)
logarithmically decreases allowing a perturbative treatment of the theory. Indeed
QCD has been successfully tested, using perturbation theory, in many high energy
collisions such as deep inelastic scattering [9], and there is little doubt that QCD is
the theory of the strong interactions.
Asymptotic freedom also implies that at low energies, αS(µ) grows, and per-
turbation theory is no longer a good approximation at energies below O(1GeV ).
Experimental evidence shows that the spectrum of physical states consists of color
singlet states called hadrons (made of quarks and gluons) which could be explained
if QCD were a confining theory at long distances. Bosonic hadrons are called mesons
and fermionic hadrons are called baryons. The peculiar spectrum of these hadrons
also indicates that the theory has a mass gap and that chiral symmetry is sponta-
neously broken. While we believe that all these phenomena originate in the increase
of αS at low energies, no rigorous proof exists. A non-perturbative method is needed
to understand the rich QCD phenomenology at low energies (spectrum, decays and
low energy collisions) and to take into account the long-distance strong interaction
contribution to weak decays. Among the various methods that have been used over
the years to study QCD in the non-perturbative domain, there are two that do not
rely on uncontrolled approximations:
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Lattice QCD (LQCD);
Effective Field Theories (EFTs).
It is a well known fact that in order to keep into account quantum effects in rela-
tivistic systems, amplitudes must be regularized. Many regularizations are possible.
However they all break some symmetries of the physical system. One expects that
the regularization that breaks the minimum number of symmetries of the original
system is the most suitable one to perform analytical calculations, such as pertur-
bative expansions.
The lattice is just another regularization of a QFT in which the space-time is
discretized after a Wick rotation has been performed. In practice the space-time
points x are restricted to the vertices of a hypercubical lattice1: x = a · n, n ∈ Z4
where the lattice spacing a also sets the ultraviolet cutoff ΛUV , ΛUV ∼ 1/a. Contin-
uous Lorentz symmetries are broken, making LQCD a cumbersome regularization
to perform analytical calculations. The advantage of such a regularization is that,
after we also impose an IR cutoff by enclosing the lattice into a box of length L, the
Euclidean QCD path integral is equivalent to the partition function of a finite sta-
tistical system that can be solved by numerical methods. Correlation functions can
therefore be evaluated numerically, for every value of the bare coupling constant2.
Lattice QCD provides a formulation of QCD from first principles, meaning that no
input from experiments is needed, apart from the fundamental parameters of QCD
itself: the coupling constant and the quark masses.
The difficulty to extract physical information from LQCD arises from the need
to control the various uncertainties that are involved in the numerical evaluation of
path integrals:
Statistical The numerical integrations are performed via importance sam-
pling methods: a finite sample of configurations is generated according to the
appropriate weight and the observables of interest are calculated by averaging
over this finite set. In the hypothesis of no autocorrelations, the mean value
and the standard deviation of the mean are the prediction obtained for the
given observable. In practice autocorrelations might be present so that the
error must be evaluated with care.
Discretization Simulations are done at finite lattice spacing, a. To reach the
continuum limit the above procedure is repeated for various lattice spacings
1Actually nothing forbids to consider a triangular or even a random lattice, provided a procedure
to recover the continuum limit is defined. But additional symmetries are broken, making the
calculations still more difficult. These topics are beyond the scope of this work and in the following
we will always work with an hypercubical, isotropic lattice.
2It remains to be discussed whether the statistical systems so obtained still belong to the same
universality class of QCD. We will come back to this issue in the main text. For now we assume
they do, which can be proven for small enough values of the bare coupling constant α0.
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Figure 1.1: Quark masses.
and the result needs to be extrapolated to a = 0. In practice when we get
closer to a = 0 the autocorrelations become stronger, which means it is more
expensive to obtain independent configurations (this phenomenon is referred
to as critical slowing down). Given the systematic error associated to this
extrapolation, it is advisable to compare results with different regularizations
(that have a different approach to the continuum limit) in order to check that
the continuum extrapolations coincide, as expected from universality.
Finite size effects Simulations are done at a sufficiently large but fixed vol-
ume. The leading finite size effects are controlled by MpiL where Mpi is the
mass of the lightest particle, the pion. If MpiL 1 these effects are exponen-
tially suppressed in MpiL.
These are the errors that will appear in any simulation and must be properly
controlled. In practice however simulating QCD including all the quarks in the
simulation is impossible with today’s computers. The reason is the large span of
quark masses, of several orders of magnitude as shown in Fig. 1.1. In order to ensure
that discretization errors are under control it is necessary that
mqa 1, (1.1)
but also the volume must be large enough
MpiL 1, (1.2)
to ensure negligible finite volume effects. Meeting both conditions would require a
huge L/a (number of lattice points). For this reason, further approximations are
needed. A typical solution is to simulate at unphysical values of the quark masses
(heavier light quarks ∼ ms/8 and lighter heavy quarks ∼ mc) and then perform
the necessary extrapolations. Another approximation that has been used commonly
is that called quenching or partial quenching in which the sea quark masses are
different to the valence ones.
It turns out that both competing limits can be softened by the use of Effective
Field Theories (EFTs) as we will explain later on. EFTs have also been essential
to guide quark mass extrapolations, and to make sense of the partially quenched
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approximations.
The method of Effective Field Theories (EFTs), is a systematic way to study a
restricted regime of momenta/energies, in which only a subset of the degrees of free-
dom is active. Exploiting the symmetries of the underlying theory, one can match
QCD to a field theory that includes only the lighter degrees of freedom (e.g the
lighter hadrons) and includes all possible interactions that are compatible with the
symmetries of QCD. In general this field theory is non-renormalizable and depends,
in principle, on an infinite number of couplings that need to be determined, and are
referred to as Low Energy Couplings (LECs). However, a momentum expansion is
possible which restricts, to any given order in the expansion, the number of unknown
couplings to a finite set. The predictive power of EFTs is therefore limited for two
reasons. On the one hand the couplings need to be determined from experiment
or by some other method, such as the lattice. Besides, its predictivity relies on a
momentum expansion, whose convergence properties are not known. The effective
theory is only practical therefore if a good precision is achieved with the lowest or-
ders, since the number of couplings grows enormously at higher orders.
There are two EFTs that have proved very useful in QCD. One is Chiral Pertur-
bation Theory (ChPT) [10,11], which is the theory that can represent the low-energy
dynamics of the light pseudoscalar mesons. The construction of ChPT starts from
the consideration that the pseudoscalar mesons made out of up and down quarks
(and hopefully the strange), pi′s (K ′s), have masses smaller than ΛQCD, and than
their vector partners (the ρ). This can be understood if the pseudoscalar mesons
are the Pseudo Nambu-Goldstone Bosons (PGBs) associated with the spontaneous
breaking of chiral symmetry, which is a symmetry of the QCD Lagrangian in the
absence of quark masses. Only two or three quarks are sufficiently light for the corre-
sponding UL(2)×UR(2) or UL(3)×UR(3) chiral symmetry groups to be approximate
symmetries of QCD. The group is broken spontaneously to the vector subgroup, and
as a result there are three (pi±, pi0) or eight (pi±, pi0, K±, K0, η) PGBs. Already from
perturbative calculations, we know that the singlet chiral symmetry is anomalous.
The spectrum of the η′ and η shows that there must be a contribution to the η′
mass that comes from the anomaly and that does not vanish in the chiral limit. At
sufficiently low energies all the heavier particles, such as the vector resonances, can
be decoupled, so the PGBs are the only light degrees of freedom that need to be
included in an effective theory.
The second EFT is Heavy Meson Chiral Perturbation Theory (HMChPT) [12,13],
which allows to study the interactions of heavy mesons and pions at low momentum
transfer. The charm and the bottom quarks have masses mc and mb that are much
bigger than ΛQCD. The picture we have of hadrons is that of a bunch of quarks and
gluons moving with momenta of the order of ΛQCD. According to this assumption,
if the constituents are the up, down or strange quarks, we have to expect that they
move at relativistic speeds inside the hadron. But when we are talking about the
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charm or the bottom we expect that a non relativistic approximation is a good one.
Heavy Quark Effective Theory (HQET) [14] is an effective theory of QCD that is
built as an expansion in powers of 1/mH of the QCD Lagrangian (H being the
charm or the bottom), in such a way that the Lorentz symmetry is kept manifest.
If this theory is discretized on the lattice, the cutoff is not required to be larger that
mH since this scale is integrated out.
While HQET still deals with quarks, one can build a Chiral EFT of HQET fol-
lowing the same guideline of ChPT. This theory is called HMChPT and it deals
with the interactions between heavy-light (HL) mesons like the B, the B∗, the D
and the D∗ and the PGBs.
Both ChPT and HMChPT have a cutoff Λχ, Λχ ∼ 1GeV and are built as an ex-
pansion in the momenta p and mass of the PGBs, Mpi, that is in powers of p/Λχ
and Mpi/Λχ (HMChPT is also an expansion in 1/mH). In this context, one can
analyze processes involving PGBs scattering and decays (also the weak decays can
be considered, provided the needed operators are included), as well as scattering
between PGBs and HL mesons at low momentum transfer. At a given order of the
expansion, the number of operators, and consequently of LECs, that is allowed by
symmetry, is finite. An equivalent number of independent experiments (or lattice re-
sults) has to be used as an input to make the theory predictive, as already mentioned.
The use of the lattice to determine the Low Energy Constants (LECs) of these
two EFTs is the main aim of this work.
To this end some convenient correlation functions have to be calculated both on the
lattice and in the EFT framework and the matching then allows to determine the
LECs.
In the following chapters it will be argued that the partnership between EFTs
and Lattice QCD extends far beyond what has been pointed out so far. We have
stated that EFTs needs LQCD (or experiment) to get the free parameters that are
not constrained by symmetries. But the reverse is also true: EFTs are the tool
that is often used to deal with the systematic errors that are present in LQCD and
to translate some unphysical data into physical predictions3. Much of the physics
information that we have extracted from LQCD would have remained uncovered
without the help of Chiral EFTs.
More concretely, ChPT has been very useful in LQCD since the early days to
guide the light quark mass extrapolations. However more recently it has become
clear that it can do much more than that. It can also help in understanding the
finite-size scaling of the observables even when the condition MpiL 1 is not met.
The magnitude of the finite size effects depends on the product MpiL, because they
are caused mainly by the lightest degrees of freedom, that is the PGBs. If the
3Remarkably EFTs can be used as a tool to deal with discretization and finite size effects as
well, not only with heavy and light quark mass extrapolations.
16 Introduction
volume is not large enough to prevent the wave functions of different PGBs to
overlap, interactions cannot be neglected. However we can rely on Chiral EFTs to
estimate these effects, provided that the infrared cutoff is much smaller than the
cutoff of the chiral theory: ΛχL  1. In practice, this condition ensures that the
low energy dynamics is dominated by the PGBs, which is also the case in infinite
volume. If this condition is satisfied, one can distinguish two distinct situations
depending on the light quark mass:
p-regime If MpiL 1 finite size effects are exponentially suppressed in MpiL,
as already mentioned. The chiral expansion in powers of Mpi/Λχ ∼ p/Λχ works
as in the infinite volume.
-regime If MpiL . 1 finite size effects are more significant but they are still
computable in the EFT, in terms of the same LECs appearing at infinite vol-
ume [15,16]. A stronger suppression of mass effects imply that less LECs will
appear at any order in the expansion, compared to the p-regime. In addition
it can be shown that the partition fuctional of QCD in this regime matches
that of a random matrix theory. This relation allows to have predictions for
the low-lying spectrum of the Dirac operator in terms of the LECs.
The important message is that physical information can be also obtained from the
-regime, provided LQCD is matched to the EFT, since the latter predicts the finite-
size scaling properly. This softens the requirement of how large L can be in practice,
as we lower the light quark masses.
With the advent of 2+1 simulations, in which the up and down are degenerate
while the strange is much heavier, and hoping that kaons are still treatable in ChPT,
it is convenient to consider a power counting in which strange mesons are treated
within the p-regime power counting while the pions stay in the -regime. In this
thesis, we have developed, for the first time, the formalism in ChPT necessary to
deal with such a situation in [17, 18], and we have used it to compute all meson
two-point functions at next-to-leading order. This new regime has been baptized as
“mixed regime”.
In order to approach the chiral regime it is more feasible to consider simulations
in which just the valence mass mv of any quark (the mass that appears in exter-
nal propagators) is pushed close to the chiral limit (that is in the -regime), while
the sea mass ms (the mass that appears in internal loops) remains in the p-regime.
These simulations represent a non unitary theory, which takes the name of Partially
Quenched QCD (PQQCD) [19]. While being non physical, it reproduces QCD in
the limit mv → ms. Exploring the unphysical regime is useful because it extends
the parameter space that can be used to extract physical information about QCD,
to a region where computations are cheaper. The Chiral EFT of PQQCD is called
PQChPT [20]. If the number of light sea quarks is the same as in QCD, then the
LECs of this unphysical theory are those of physical QCD. In [17,18] the setup and
the results for both ChPT and PQChPT are presented.
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For HL mesons the finite size effects are still due to the PGBs cloud generated by
quantum fluctuations. If again ΛχL 1, these effects should still be predictable in
the framework of the Chiral EFT, HMChPT, and therefore the matching between
LQCD and HMChPT can also be done in the -regime, relaxing the requirement on
the volume, as the light quark mass gets to the physical point.
In [21], the -regime for heavy-light systems was explored, both for a heavy quark
with the mass of the strange (p-regime) in the mixed-regime of ChPT, as well as for
a static quark in HMChPT. This is the first time the finite-size scaling of heavy-light
mesons in the -regime has been studied.
It is important to stress that going to the -regime to extract LECs is important
for various reasons. First it allows to relax the condition on L as we approach the
regime of the up and down quark masses. Approaching the chiral limit within the
 regime allows for better systematic control, as fewer unknown couplings are in-
volved. Furthermore the systematic errors involved in the p and -regime matchings
are very different as regards both the EFT predictions as the numerical simulations,
and therefore performing both provides a very important cross check.
Finally we have to address the important issue of performing the simulations in
the  or mixed regimes where we want to perform the matching. In general, when we
simulate very light quarks, we have to pay extra attention to keep chiral symmetry
breaking effects under control. Lattice regularizations generally break some of the
symmetries that the theory has in the continuum. In particular the discretization
proposed by Wilson in 1974 [22] breaks chiral symmetry with operators of order a.
As the quark mass decreases, at some point the soft breaking of chiral symmetry
due to the masses is of the same order as that due to the discretization errors and
it cannot be warranted that QCD is the universal continuum limit (new phases
can appear, such as the famous Aoki phase) [23, 24]. Discretization errors can be
reduced by improving the action, reducing the O(a) effects to O(a2), but then
the problem is only postponed to smaller values of mq. For this reason, during a
long time simulations in the -regime were done only using the Ginsparg-Wilson
regularizations [25], such as overlap fermions [26], that preserve an exact lattice
chiral symmetry 4.
At present we are applying the above analytical results to some simulations using
two types of discretizations:
Mixed actions For the sea quarks, two degenerate flavours of O(a)-improved
Wilson fermions are used, while the valence quarks are overlap fermions. Sea
quarks are heavier and stay in the p-regime.
Overlap Data generated by the collaboration JLQCD [28–30] with overlap [26]
sea and valence quarks.
4Recently a few collaborations have started to consider the possibility to simulate the -regime
with Wilson fermions, that have the advantage of a low computational cost, obtaining some evi-
dence that discretization effects might not be so big as expected [27].
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On the first of these we have studied the spectrum of the Dirac operator and tested
the matching to a random matrix theory. We have also computed two-point corre-
lation functions of light chiral currents that we will match to our ChPT predictions
to extract various QCD LECs. On the second simulation we will also consider
two-point correlators of static-light mesons and compare them with our HMChPT
predictions. This is ongoing work and will not be presented in this thesis.
The contents of this thesis are the following. In Chapter 2 we review which are
the symmetries of the QCD Lagrangian and discuss in Chapter 3 which and how
they can be maintained in a Lattice formulation. Chapter 4 is devoted to review
how the Chiral EFTs for light mesons and heavy-light ones are constructed and to
explain how the finite size effects can be predicted in this framework. In Chapter 5,
we present the first important original result of this thesis: how we implemented the
mixed regime for light systems. To show how the calculations are done we consider
the left current correlator, which is important on its own. In Chapter 6 we present
the results for the scalar, the pseudoscalar, the vector and the axial correlators in the
light sector. In Chapter 7 we explain how we implemented the mixed and -regimes
for HL systems. We present the preliminary results obtained for the spectrum of
the Dirac operator and the comparison to random matrix theory in Chapter 8. We




In this chapter we review QCD and specify the notation to be used in the rest
of the work. We concentrate on the global symmetries of the theory that are useful
to build the Chiral EFTs. The chapter is divided in two sections: in the first we
consider which symmetries arise in the limit mq → 0, while in the second we consider
the so called static limit in which mq →∞.
2.1. QCD and chiral symmetry




aµν +ψ(i /D−M)ψ M = diag {mu, md, ms, mc, mb, mt} . (2.1)
Note that the field ψ has 4 × 3 × Nf components with Nf = 6. The covariant
derivative Dµ is defined as:




where Aaµ is the gluon field and τ
a are the eight generators of color SU(3), satisfying
the commutation relations:
[τa, τ b] = ifabcτ c . (2.3)
The gluon field strength tensor F aµν is defined as:
F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν . (2.4)





The QCD Lagrangian eq. (2.1) is invariant under the transformations:















The interaction between gluons and quarks is responsible for the quark-antiquark
pair creation that polarizes the vacuum and screens a color source at large distances.
This kind of interaction is also present in QED. It makes the electric field created
by an electric source weaker at large distances.
The peculiarity of QCD comes instead from its non abelian character and is entirely
codified in the quadratic term of eq. (2.4). The gluon autointeractions result in anti-
screening and strengthen the force generated by a color source at large distances.











+O(g5) = −β0g3 +O(g5) , (2.9)
which describes the behavior of the coupling constant as a function of the energy




The physical interpretation is that, for small enough Nf , the screening effect due to
fermions is overwhelmed by the gluon autointeraction effect. In such a case (which
is the physical one) αS(µ) decreases with µ approximately as:
αS(µ2) =
αS(µ1)




When µ → ∞, αS(µ) → 0. Conversely when µ decreases αS(µ) grows until the
perturbative approach is no longer valid.
Let us concentrate now on the global symmetries of the Lagrangian. After we
introduce the projectors on left and right handed fields
PL = (1− γ5)/2 PR = (1 + γ5)/2 , (2.11)
we can rewrite the kinetic term as:
ψi /Dψ = ψRi /DψR + ψLi /DψL , (2.12)
where ψL ≡ PLψ (ψR ≡ PRψ).
As already mentioned, since for the up, down and strange mq  ΛQCD, we ex-
pect that their mass terms can be neglected in a first approximation. In the limit
ms = mu = md = 0, LQCD acquires a flavor U(3)L × U(3)R symmetry. Given
two matrices L and R belonging to U(3), LQCD remains invariant under the global
transformations:
ψL → LψL , ψR → RψR. (2.13)
This symmetry has 18 generators. It is useful to consider subsets of these transforma-
tions, that is vectorial transformations in which L = R = V or axial transformations
in which L = R† = A. In fact this constitutes a new basis and these new transfor-
mations cover U(3)L × U(3)R.
The symmetries associated to these generators have a more direct physical meaning,
but not all of them are maintained:
2.1 QCD and chiral symmetry 21
U(1)V corresponds to the conservation of the baryon number;
U(1)A is anomalous at the quantum level;
SU(3)L × SU(3)R is spontaneously broken to SU(3)V 1.
The Goldstone bosons associated to the spontaneous breaking of the non singlet
axial symmetries are the pis, the Ks and the η and are massless in the limit mu =
md = ms = 0. The η
′ (958 MeV) is not a Goldstone boson because it is associated
with the axial singlet and this is the reason why it weights significantly more than
the η (547 MeV).
At present we lack an explanation for spontaneous breaking of chiral symmetry from
first principles. On the other hand the origin of the anomaly is well understood as
we proceed to review.
2.1.1. The axial anomaly
Anomalies are symmetries of the classical action that are not preserved in the
quantum theory. According to the Noether theorem, to every symmetry of the
action corresponds a conserved current, meaning that its divergence vanishes. To
check that the symmetry is preserved at the quantum level one should check that
the expectation value of the current divergence gives zero on every quantum state.
However current operators need to be renormalized in general. In the process of reg-
ularization symmetries of the classical action may be broken. Then it is not granted
that when we remove the cutoff (or send d → 4 in dimensional regularization) the
symmetries are restored.
To show that the singlet chiral symmetry is anomalous, a one loop calculation is
Figure 2.1: Diagrams contributing to the anomaly singlet axial anomaly.
enough. Actually, as Adler and Bardeen showed in 1969 [31], no additional contri-
butions show up at higher orders.
1The symmetries associated to the 8 non singlet axial generators are spontaneously broken.
The remaining unbroken symmetries still constitute a group: SU(3)V , while the axial generators
do NOT constitute an algebra.
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The currents associated respectively to vector and to chiral symmetries are:
JaV µ(x) ≡ ψγµT aψ(x) (2.14)
JaAµ(x) ≡ ψγµγ5T aψ(x) (2.15)
and T a are the flavor SU(3) generators. For example one can check that the am-
plitude for the singlet current divergence to generate two gluons with momenta and
colors p, c and k, d, is non vanishing.
Calculating the diagrams in Fig. 2.1 one obtains:








aτ cτ d] (2.16)
where ∗ν(p) and 
′∗
λ (k) are the polarization vectors of the gluons and τ
c,d are colors
generators. This equation shows that only the singlet current is anomalous, because
for non singlet currents Tr [T a] = 0.
The identity holds between operator insertions in renormalised correlation functions,







aτ cτ d] . (2.17)
2.2. HQET
The typical momentum transfer between valence quarks in a hadron is of the
order of ΛQCD which is much smaller than the masses of the charm and the bottom
(while the top decays so fast that it has no time to hadronize). Hence these heavy
quarks move at non relativistic speeds in the reference system in which the hadron
is at rest. The unitary velocity v (v2 = 1) of the heavy quark is not changed
substantially, so that it becomes a good quantum number in the limit mQ → ∞2.
In this limit the dynamics simplify, while new symmetries appear [14, 32,33]:
all NQ heavy quark flavors behave the same so there is an SU(NQ) global
symmetry
the heavy quark only interacts through its chromoelectric charge, which means
that a new SU(2) spin symmetry arises.
It is not clear, by just looking at eq. (2.1), that these symmetries will be satisfied
in the static limit. To show that it is the case, the next step is to rewrite the QCD
Lagrangian as an expansion in powers of 1/mQ.
Let us begin by writing the momentum of the heavy quark p as:
p = mQv + k (2.18)
2We use capital subscripts to indicate both a “heavy quark” field whose mass satisfies mQ 
ΛQCD and a static quark field. On the other hand small subscripts will indicate relativistic quarks.
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where k represent the off shell momentum or residual momentum. Now it is easy to
verify that the operator:
P ≡ 1 + /v
2
(2.19)





which projects onto the particle components of the four component Dirac spinor.
We expect that in the static limit the quark and the antiquark can be decoupled.
Following this idea we can decompose the original heavy quark field ψQ as:
ψQ(x) = e









In the first step we just shift the point of zero energy. In the second one we introduce
the fields Qv and Av that, in the rest frame, correspond respectively to the quark
and the antiquark fields.
Now, after substituting eq. (2.21) into eq. (2.1), we obtain for single heavy flavor
QCD:
LQCD = Lgluons +Qv(iv ·D)Qv−Av(iv ·D+ 2mQ)Av +Qvi /DAv +Avi /DQv . (2.23)
We are interested in correlation functions in which only heavy quarks (as opposed
to anti-quarks) appear in external legs. Since the action is bilinear in the antiquark
field, it can be integrated out exactly. To this purpose it is useful to decompose a
general vector Xµ:
Xµ = Xµ⊥ +X · vvµ . (2.24)
The i /D factors in eq. (2.23) can be replaced by i /D⊥ since Qv/vAv = 0. Now after
integrating out the Av field in the partition functional, eq. (2.23) becomes:
LQCD = Lgluons +Qv
(
iv ·D + i /D⊥
1




The first term between parenthesis is the only that survives in the static limit and
it has the anticipated properties:
it receives no contribution from the decoupling of the antiquark field
it keeps no trace of the flavor (that is of the mass mQ)
the interaction is spin independent.
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As a conclusion, QCD with NQ static quarks has an U(2NQ) flavor-spin symmetry.
Thanks to all the simplifications that occur, it becomes possible to analytically
calculate the inverse of the static Dirac operator in eq. (2.25). To the LO one
obtains, for x0 > y0 and in the reference system of the heavy quark (v = (1,0)):












where P denotes path ordering. The scale mQ has been decoupled and the point
of zero energy shifted which explains why the heavy quark does not take the phase
e−imQ(x
0−y0) as it propagates in time. The heavy quark does not propagate in space
and behaves just like a static source of electric color.
Notice that so far we have just performed a change of variables, and we have
integrated out the antiquark fields. If we want to deal with correlation functions
with only quarks as external fields, eq. (2.25) is the complete QCD Lagrangian. But
now the static limit symmetries are manifest in the LO term, and it is clear that
the second term, suppressed by a power of 1/mQ, can be further expanded in 1/mQ.
Already at NLO one recovers some peculiarities of QCD like the mass splitting
between vector and pseudoscalar mesons (that is B∗ and B or D∗ and D) and the
splitting between B like and D like mesons. In our work we have just considered the
static limit so we will not discuss higher orders further.
In a heavy light system both the total angular momentum J and the spin of the
heavy quark SQ are constants of the motion. Then also the angular momentum of
the light degrees of freedom Sl ≡ J − SQ is a good quantum number. The lightest
mesons have Sl = 1/2, which is the minimum angular momentum of a fermionic
degree of freedom. The resulting total angular momentum in this case is therefore:
j = 1/2⊗ 1/2 = 0⊕ 1 . (2.27)
and the parity is negative, since quarks and antiquarks have opposite intrinsic parity.
These states are the D and D∗ mesons if H is a charm quark and the B and B∗
mesons if H is a bottom quark. They are degenerate, as a result of spin independence
of the interaction:
MQl = mQ + Estat . (2.28)
Increasing the orbital angular momentum L between the light degrees of freedom
and the antiquark, according to the non relativistic constituent quark model we
obtain two doublets of heavier states with positive parity. In case L has the same
direction as Sl the states formed will have spin-parity: 1
+ and 2+. In case L has




In this chapter we will review how to build a statistical system whose continuum
limit is QCD. On the basis of Universality, the crucial thing for the continuum limit
of our statistical system to be the correct one, is to check that the symmetries that
are broken in the regularization process are recovered in the continuum limit and
that the degrees of freedom are those of QCD.
In principle there are infinite choices that could do the job, but since in the end we
will have to evaluate numerically all the correlation functions and their continuum
limit, it is mandatory to search for the most convenient one.
After introducing the most straightforward regularization on a lattice (Wilson fermions),
we discuss why it is problematic to preserve chiral symmetry on the lattice and how
the discretization effects that arise as a consequence can be made less severe.
Another issue that arise in the -regime is that observables depend on the total
topological charge. The effective theory, as we will see, predicts how observables
computed in fixed topological charge sectors depend on topology. In order to study
this, it is important to have a technique to determine the topological charge also on
the lattice.
3.1. Field correlation functions and physical ob-
servables
In a QFT with field variables φ(x), all physical information is contained in the
correlation functions 〈0|T{φ(x1) . . . φ(xN)}|0〉, that can be evaluated through a path
integral:
〈0|T{φ(x1) . . . φ(xN)}|0〉 =
∫
Dφφ(x1) . . . φ(xN)eiS[φ]∫
DφeiS[φ]
, (3.1)
where S[φ] is the action. The relation between the scattering matrix elements of
states with momenta qi, pi, and these field correlation functions is given by the
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q2j −m2 + i
)
〈p1, ....,pn, out|q1, ...,qk; in〉 .
(3.2)
Z and m are the field renormalization constant and mass of asymptotic one parti-
cle states, that can be extracted from the spectral representation of the two-point



















p2 −m(α)2 + i . (3.3)
The last equality comes from the translational invariance of the Lagrangian and the
vacuum. It is derived by performing a contour integration over p0. In eq. (3.3)
E2p(α) = m(α)
2 + p2, (3.4)
where m(α) is not necessarily the mass of one particle, since |α(p)〉 could represent
a multiparticle state with total momentum p, in which case it is simply the energy
of the system in the rest frame, ie. where the total momentum vanishes.
For one particle states m(α) is the particle mass and a field renormalization constant
Zα ≡ |〈0|φ(0)|α(0)〉|2 , (3.5)
can be defined. This is the same quantity that characterizes the asymptotic states
in the LSZ relation of eq. (3.2).
3.2. Wick rotation
The domain of integration in eq. (3.1) has an infinite dimension and we do not
know how to perform the path-integral in practice.
On the lattice, the space-time is discretized:
(t, x, y, z) = (nta, nxa, nya, nza) ni ∈ Z (3.6)
and we consider a box of finite length:
0 ≤ t ≤ Nta = T , 0 ≤ x, y, z ≤ Nxa = L . (3.7)
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We will usually write in short notation n to indicate (nt, nx, ny, nz). Now the domain





and, in principle, we are able to evaluate the path integral numerically. The number
of integrations we have to perform, if the field φ has d components, is: Nt×N3x × d.
This number is very large in typical simulations. To compare our results with
physical data, we will have to take eventually the infinite volume limit L → ∞,
T →∞ and the continuum limit a→ 0, via the corresponding extrapolations. The
only feasible way to perform all these integrations in a reasonable amount of time
is through Monte Carlo methods.
To this end it is necessary to perform a Wick rotation:
〈0|T{φ(x1) . . . φ(xN)}|0〉 =
∫
Dφ(φ(x1) . . . φ(xN))e−S[φ]∫
Dφe−S[φ]
, (3.9)
which is an analytical continuation to imaginary times. This establishes a QFT as
a statistical system where S[φ] reaches a minimum for the classical solutions of the
equations of motion and can be solved by Monte Carlo methods. The procedure
consists in evaluating the observable of interest over a sample of configurations of the
field φ(n) with a probability distribution P [φ] which in our case is given by e−S[φ]. In
case of no autocorrelations between the configurations of the sample, the prediction
and its error are given respectively by the average and the standard deviation. This
procedure makes sense only if P [φ] satisfies:
it is positive defined;
it is bounded from above;
it is “slowly varying”, eg strong oscillations are absent.
Note that while the integrand in eq. (3.1) does not satisfy any of the above condi-
tions, e−S[φ] satisfies all of them.
The sample is usually built as a sequence of configurations. We briefly review the
Metropolis algorithm to generate the sample [38].
A first configuration φ1 is generated randomly and becomes the first element of the
chain. We will denote the elements of the chain with a bar. That is the n-th element
will be denoted by φn. A second configuration φ2 is proposed (it is always generated
randomly). Then:
if S[φ2] < S[φ1] the new configuration is accepted;
if S[φ2] > S[φ1] the new configuration is accepted with probability e
S[φ1]−S[φ2].
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If φ2 is accepted it becomes the second element of the chain. Otherwise other
configurations are proposed until one is accepted. It will be called φ2. Let us
suppose that the second configuration that is accepted occurs after i configurations
have been proposed, that is φ2 = φi. Then a new configuration is proposed, φi+1.
Then:
if S[φi+1] < S[φi] the new configuration is accepted;
if S[φi+1] > S[φi] the new configuration is accepted with probability e
S[φi]−S[φi+1].
This process is iterated until a large enough number of configurations has been
accepted. It can be shown that this procedure indeed generates a sample of config-
urations distributed according to the probability distribution given by e−S[φ] [39].
For this method to be efficient, the new configuration must be chosen in such a
way that the acceptance probability is high. We refer to [39] for an introductory
explanation methods to accomplish this.
In this work we will consider spatially integrated 2-point correlation functions.
We are interested in their time dependence, which is obtained by using the Wick







where m(α) are the masses of one-particle asymptotic states and Zα is their renor-







where the index 1 refers to the lightest particle. This also holds for other correla-
tion functions: Euclidean space allows to extract low energy physics in a cleaner,
even though unphysical, environment. From now on we will assume that correlation
functions are calculated for imaginary time separations.
3.3. The doubling problem
We ultimately want that all the correlation functions of our statistical system
reduce to those of QCD in the limit a→ 0. To this end, we certainly have to impose
that the naive continuum of the lattice action will give us back the usual Lagrangian
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where α denotes Lorentz indices. We omit color indices for simplicity. We will
always put a hat over quantities expressed in lattice units to distinguish them from
the corresponding ones in physical units. Since we have infinite choices for the




ψˆα(n+ µˆ)− ψˆα(n− µˆ)
]
(3.14)
where µˆ is a unitary vector in the direction specified by the index µ. Then the












[δ(m, n+ µˆ)− δ(m, n− µˆ)](γµ)αβ + mˆqδ(m,n)δαβ . (3.16)
With this notation we can immediately write down the fermion propagator on the
lattice:
〈ψˆα(n)ψˆβ(m)〉 = K−1αβ (n,m) (3.17)














The inverse matrix K−1 can be found by solving the system of equations:∑
λ,l
K−1αλ (n, l)Kλβ(l,m) = δαβδ(n,m) . (3.19)
This inversion is taken more easily after Fourier transforming to momentum space.
In a lattice of infinite volume with spacing a the momenta extend from −pi/a to pi/a















Notice that p˜µ → pµ when a→ 0 as we want. However it also happens that in the
domain of integration −pi
a
< p ≤ pi
a
the lattice momentum p˜ has 16 zeros, while the
continuum momentum p has just one.
To understand the physical meaning of the additional zeros, one has to notice that, in
the vicinity of those, the integrand has the same behavior as close to the continuum






Figure 3.1: The Brillouin zone for a 2-dimensional lattice. The central region cor-
respond to the physical quark. Disconnected regions with the same pattern have to
be grouped together and correspond to a doubler.
called doublers.
To verify this we divide the domain of integration in 16 regions, as shown in Fig. 3.1






< |pµ| < pi
a
.












+ p′µ if −
pi
a
< pµ < − pi
2a
, (3.22)

















where p is a four vector indicating one of the 16 regions:
pµ = pi if
pi
2a
< |pµ| < pi
a




while γ˜µ is a gamma matrix in a representation that depends on p:
γ˜µ = e
ipµγµ . (3.25)
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Taking the continuum limit of eq. (3.23) we obtain:















where Tp is the similarity transformation to go from our initial choice for the gamma
matrices γµ to γ˜µ, and between square parenthesis we recognize the usual continuum
propagator. The physical contribution is given by the p = 0 addend, while the
remaining fifteen are additional unphysical particles, that have to be removed if
we want to recover QCD in the continuum limit. This is the so called “doubling
problem”.
3.4. Wilson fermions
The previous example warns us that it is not a sufficient condition, that the
lattice action has the correct continuum limit. One can solve the doubling problem
by adding operators of dimension 5 or more (that disappear in the continuum limit)
to give the doublers a mass of O(1/a). This was the path followed in the pioneering
work by Wilson [22], who suggested to modify the action in the following way:
S
(W )











ψˆ(n+ µˆ) + ψˆ(n− µˆ)− 2ψˆ(n)
]
, (3.28)
while r is the so called Wilson parameter.

















From eq. (3.30) we deduce that taking the continuum limit with r 6= 0, mq(p) reduces
to mq in the vicinity of p = 0, but it diverges in the corners of the Brillouin zone
that correspond to the doublers, and this solves the doubling problem.
Notice however that the new term breaks the chiral symmetry. Under axial chiral
transformations, the quark fields transform as:
ψ → eiαγ5Taψ ψ → ψeiαγ5Ta , (3.31)
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where the U(Nf ) generators T
a allow to consider singlet and nonsinglet chiral flavor
transformations.
As a consequence, from our knowledge of QFTs, we have to expect that the mixing
of operators will be much more complicated, once we step into the interacting theory.
In particular the breaking of chiral symmetry makes the renormalization of the mass
receive an additive contribution of order 1/a. This makes it difficult to tune the bare
mass to the value we want.
Moreover, as pointed out by Aoki [24], the statistical system corresponding to the
action of eq. (3.27) has a nontrivial phase diagram. This issue is reviewed in Section
3.9.5.
Later on we describe another discretization of the Dirac operator that does respect
chiral symmetry and so doing avoids these problems we just mentioned.
3.5. Gluonic lattice action
We start by introducing the quark-gluon interaction. When we apply a derivative
to a free fermion field in the continuum, we are comparing the fermion field taken at
two points separated by an infinitesimal distance. In the interacting theory we want
to do the same, but this time the fermion field is defined on a background gluon field.
To compare the fermion field at two distinct points we have to parallel transport one
fermion to the position of the other, moving over the gluon field, which is generally
curved. This comparison takes the name of covariant derivative in the continuum.
In that case, the distance between the points considered is infinitesimal, so that one
can consider infinitesimal parallel transporters, and define a gluon field Aµ(x) at
every point of space-time. On the lattice the closest points we can consider are, say,
n and n + µˆ, which are separated by a distance a. As a consequence, the parallel
transporter, through which the gluon field is introduced, cannot be associated with
a lattice site, like n, but has to be associated with the link n, n+ µˆ.
Let C(x, y) be some curve in space-time from x to y. It may be parametrized as:
cµ(s) s ∈ [0, 1] cµ(0) = xµ cµ(1) = yµ . (3.32)
To C(x, y) we can associate one SU(3) matrix acting on color indices:
U [C(x, y)] : Vx → Vy = UVx (3.33)
that maps the vector space in x, Vx, to the vector space in y. To be a parallel
transporter, the map U must satisfy:
it is continuous and differentiable;
for a curve with zero length /0, U(/0) = 1;
for a curve C made joining two curves, C = C1 × C2: U(C) = U(C1)U(C2) ;
if we call −C the curve made by traversing C in the opposite way, U(−C) =
U(C)−1;
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for a generic curve eq. (3.32), U satisfies the differential equation
d
ds
U [C(c(s), x)] = −Aµ(c(s))dcµ
ds
U [C(c(s), x)] (3.34)
The solution satisfying the above requirements is unique and is denoted by:











where the symbol P denotes path ordering. This means that eq. (3.35) is defined
via its expansion in a power-series and the matrices in each term are ordered so that
higher values of s stand to the left.
We now introduce a notation for the fundamental parallel transporters, those
carrying vectors over a straight line connecting n+ µˆ to n:
U [C(n+ µˆ, n)] ≡ U(n, n+ µˆ) . (3.36)
Once we know U(n, n+µˆ) for every point on the lattice n and every unitary vector µˆ,
we can build every parallel transporter we need. In practice, in a lattice simulation,
we will generate the field U(n, n + µˆ) randomly and this will define the gluon field
itself, apart from a gauge transformation. The set of all parallel transporters define
the gauge field it refers to.
Given a gauge transformation Λ(n), the quark and the parallel transporter field (or
gluon field) transform according to:
ψˆ(n) → Λ(n)−1ψˆ(n)
ψˆ(n) → ψˆ(n)Λ(n)
U(n, n+ µˆ) → Λ(n)−1U(n, n+ µˆ)Λ(n+ µˆ) . (3.37)
The transformation property of U(n, n + µˆ) can be derived by applying the trans-
formations of the continuum field Aµ eq. (2.7) to eq. (3.35). This transforma-
tion property is such that the field parallel-transported from n + µˆ to n, that is
U(n, n + µˆ)ψ(n + µˆ), transforms like ψˆ(n). This allows to build gauge invariant
operators made out quark and antiquark operators connected by U matrices like:
ψˆ(n1)U(n1, n2) . . . U(ni−1, ni)ψˆ(ni) . (3.38)
We have now all the ingredients to write down a symmetric version of the lattice
covariant derivative, Dˆµ. In eq. (3.14) we are comparing the fermion field at points
n+ µˆ and n− µˆ with the fermion field at n. Introducing now the parallel transporter















U(n, n+ µˆ)ψˆ(n+ µˆ) + U(n, n− µˆ)ψˆ(n− µˆ)− 2ψˆ(n)
]
, (3.40)
which means that now both Dˆµψˆ(n) and ˆψˆ(n) transform as ψˆ(n) under gauge
transformations.
As in the continuum, we just substitute eq. (3.39) with eq. (3.14) in eq. (3.27) to
describe the quark gluon interaction. The final expression for the Wilson fermionic
action S
(W )



















To describe the gluon autointeraction we need a gauge invariant operator made out
of fundamental parallel transporters U(n, n+ µˆ) that satisfies:
it is local;
it is gauge invariant;
it is Hermitian;
has the right continuum limit.
Given the transformations eqs. (3.37), the simplest gauge invariant and local oper-
ator is the trace of the so called plaquette operator, U(n)µν :
U(n)µν ≡ U(n, n+ µˆ)U(n+ µˆ, n+ µˆ+ νˆ)U−1(n+ νˆ, n+ µˆ+ νˆ)U−1(n, n+ νˆ) (3.43)
because, under gauge transformations, U(n)µν transforms as:
U(n)µν → Λ−1(n)U(n)µνΛ(n) . (3.44)
In general any closed and ordered loop transforms in this way, and the so called
plaquette U(n)µν corresponds to the smallest one.


















Using eq. (3.35) one can show that eq. (3.45) reduces to the gluonic term in eq. (2.1)
in the continuum limit.
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3.6. Overlap fermions
We come back now to the issue of chiral fermions. At this point of the discussion
one might think that we have not searched enough in the space of lattice actions
having the right continuum limit, and that we could in principle find a Dirac operator
D with the usual properties (locality, hermiticity and translation invariance) that
represents chiral fermions:
{D, γ5} = 0 . (3.46)
However there is a theorem, named after Nielsen and Ninomiya [40–42], stating that
this is impossible.
One way to escape the theorem was proposed in 1982 by Ginsparg and Wilson [25],
who suggested to replace eq. (3.46) with:
{D, γ5} = aDγ5D . (3.47)
As shown in [25], a regularization satisfying eq. (3.47) reproduces the correct chiral
anomaly and the soft pion theorems. The intuitive reason is that the two D factors
on the RHS of eq. (3.47) will cancel the two propagators which connect this term
to other operators in the matrix element producing only a contact term in Ward
identities1.
However no solution to the equation was known, so that this proposal faded into
oblivion. In 1997 Neuberger [26] discovered that the operator D(O):
D(O) = 1
a
(1− A(A†A)−1/2), A = 1− aD(W ) (3.48)
is a solution of eq. (3.47). Later on eq. (3.47) was studied in detail. It was discovered
that every operator D that satisfies the GW relation also satisfies an exact chiral
symmetry [44]. Under the new symmetry the quark transform as in eq. (3.31),
except that now γ5 is substituted with γˆ5, defined as:
γˆ5 = γ5(1− 1
2
aD) . (3.49)
This symmetry is exact with any kind of Ginsparg-Wilson fermions and might be
thought of as a chiral symmetry on the lattice. It allows to re-derive the conclusions
of [25, 43] in a simpler way. For this reason we will refer to this new symmetry
simply as chiral symmetry from now on.
As we will argue in Section 4.6 the most relevant discretization effects are O(a2) for
this regularization so that the continuum limit can be approached much faster. On
the contrary, for Wilson fermions there are O(a) effects to be accounted for after
mass and axial current renormalizations.
The price for having this exact symmetry is that the operator is not ultralocal
1These contact terms might however invalidate the usual no renormalization theorems for chiral
currents that hold in chirally symmetric regularizations. That this is not the case is shown in [43].
We will come back to this point in Section 3.9.4.
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(the inverse square root induces interactions between fermion fields at all points)
and therefore locality must be proven [45]. Furthermore the computational cost of
calculating the inverse square root in eq. (3.48) is very high.
3.7. Lattice path integral
We can finally write down the entire partition functional for LQCD, Z. So far
we have considered actions for just one flavor (Nf = 1), but the extension to Nf > 1





i [ψi(Di[U ]+mi)ψi+ρiψi+ψiρi] (3.50)
where ρ and ρ, are fermionic sources (Grassmann variables) with space-time, flavor
and Lorentz indices2. We have let just the flavor indices explicit to put in evidence
that one can consider a different discretization for every fermion flavor. Such con-
struction takes the name of “mixed action” and we will discuss the advantages of
it later. SG[U ] is taken from eq. (3.45), while for fermions we can replace Di either
with eq. (3.42) or with eq. (3.48). We will not discuss other fermion regularization
such as staggered, Domain Wall or twisted mass.
The measure for fermionic fields was already defined in eq. (3.8). Since the fermionic
action is quadratic, one can perform the integration over ψ and ψ analytically
(see [39] for a review of integration and derivation over Grassmann variables). After
the fermionic integrations have been performed, eq. (3.50) becomes:
Z[ρ, ρ] =
∫
DUe−SG[U ] det (D[U ] +M) eρ(D[U ]+M)−1ρ , (3.51)
where
det (D[U ] +M) ≡
Nf∏
i
(Di[U ] +mi) . (3.52)
The non-perturbative gluonic integration over the color group (SU(3)) has to be
performed according to a measure DU that respects the gauge symmetry. The
Haar measure has the required properties3. We notice that we would not be able to
calculate numerically “ensemble averages” of products of Grassmann variables using
statistical methods. After the fermionic integration has been performed, we only
have to generate randomly samples of gauge configurations. Note however that the
2Since in our work we have just considered correlators of quark bilinears, we do not need other
sources.
3The Haar measure is left-right invariant and unique, in a given parametrization. Given two
unitary matrices W and V , V ,W ∈ U(3), left-right invariance means that:
DU = D(WUV ) .
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fermionic determinant influences the distribution probability according to which the
sample is generated and must be kept into account in the accept-reject step of the
Metropolis algorithm.
Then, to calculate observables we have to evaluate the inverse discretized Dirac
operator and its determinant in a gauge field background.
In our work we have considered almost exclusively correlators of quark bilinears:
C(x) = 〈ψαΓαβψβ(x)ψγΓγδψδ(0)〉 (3.53)
where greek letters specify color, Lorentz and flavor indices. This correlation func-























indicates the right derivative. Using the well known rules of
Grassmann derivation [39] we finally obtain:
C(x) = ΓαβΓγδZ
∫
DUeSG[U ] det (D[U ] +M)
[
(D[U ] +M)−1βγ (0, x) (D[U ] +M)−1δα (x, 0)
− (D[U ] +M)−1αβ (x, x) (D[U ] +M)−1γδ (0, 0)
]
. (3.55)
This formula looks a bit complicated so let us make some comments:
the lattice Dirac operator, (D[U ] +M) is a matrix acting on a space with
dimension:
Nf ×Nc × 2 dim(spin 1
2
)×Nt ×N3x (3.56)
where Nc = 3 is the number of colors, while 2 dim(spin
1
2
) = 4 is the dimension
of the Dirac spinor space;
the lattice Dirac operator is block diagonal, it does not contain any flavor
changing coupling: the second addend in eq. (3.55) is zero unless Γ is the
identity in flavor space (a flavor singlet meson is propagating).
Let us recapitulate now what it means to evaluate eq. (3.55) in practice. A sequence
of gluonic configurations is generated with distribution probability
P [U ] ' eSG[U ] det (D[U ] +M) .
To achieve thermalization, the initial Nth configurations are discarded. Thermaliza-
tion is achieved for a given observable if its computed value does not change signif-
icantly when a finite number of configurations are added to the sample. Even once
thermalization has been achieved, not all the configurations generated are picked to
be part of the sample. In fact, to reduce autocorrelations, just one out of Nauto is
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stored and used for the computation of the observable. Just on the resulting sample
of configurations we will have to calculate the observable.
Once we consider the high dimensionality of the space, eq. (3.56), it becomes clear
that exact algorithms like Gauss elimination are impracticable to compute the re-
quired propagators. Many alternatives, that invert the matrices by approximate
methods, have been proposed during the years. They reduce the computing time
by orders of magnitude. However, all these methods have in common that for low
quark masses, when the lowest eigenvalue of the Dirac operator approaches zero4
while the highest ones are of order 1/a, they become slower. This is the reason why
simulations are usually performed using heavier than physical masses, and later the
physical result is obtained through an extrapolation.
3.8. Quenched and partially quenched theories
In this section we treat some approximations of eq. (3.55) that correspond to
non unitary theories. Nevertheless they can still provide informations about QCD
and are very advantageous from the computational point of view.
The fermion determinant is responsible for internal quark loops [35]. In the so
called quenched approximation we neglect these contributions by setting the deter-
minant in eq. (3.55) equal to one. The determinant has to be calculated, in a sim-
ulation with dynamical quarks, every time that a new configuration is proposed to
be added to the sample. One understands how much cheaper a quenched simulation
can be if he considers that, to reach thermalization and to reduce autocorrelations,
the number of the configurations that are generated in a typical lattice simulation is
much bigger than the number of those effectively used in the calculation of the ob-
servable of interest. Many simulations in the past were done in this approximation,
because it was the only affordable one. However in this case we have no idea about
what the errors are. Moreover, the internal quark loops give contributions that are
necessary to preserve unitarity, which is lost in this approximation.
A less rude approach is the one of Partially Quenched theories. To describe them
we recall some definitions first. A valence quark is one that appears in external legs,
while a sea quark is one that appears in internal loops. For example, suppose that
we are calculating the propagator for a pion, say pi+. An operator that can create
a pi+ acting on the vacuum is uγ5d. Then the up and down quarks will appear
on the external legs, so they are valence quarks. The strange quark will certainly
contribute to the amplitude because of quantum effects, but it will only appear in
internal loops so it will be a sea quark. Note that the up and down quarks can as
well be sea quarks in some diagrams that contribute to the amplitude. Referring to
eq. (3.55), valence quarks appear in the inverse elements, while sea quarks appear
in the determinant.
Now, always referring to eq. (3.55), we can use different masses in the determinant
4In the ChPT section we will see that the square pion mass is proportional to the lightest quark
mass.
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(the sea mass ms) and in the quark propagator (the valence mass mv). A Partially
quenched theory is defined to have mv 6= ms. This theory is also non unitary. While
one can always recover QCD by taking the limit mv → ms, we will see that matching
to the Chiral effective theory for Partially Quenched theories allows to determine
the physical LECs even without extrapolating mv → ms. One possible application
of such a theory is to put small, nearly physical, valence masses, but heavier sea
masses. Indeed it is relatively cheap to have small valence masses, while it is much
more expensive to have small sea masses.
We can also consider a different action to calculate the determinant and the prop-
agators, in which case we speak of mixed actions. Note that in this case even if
one tunes the valence and sea masses to be equal, the theory is non unitary due
to discretization effects. One very convenient choice is to have a PQ theory with
light overlap valence quarks and heavier Wilson sea quarks. As we have already
mentioned and as we will discuss further, it is nearly mandatory to use a chiral pre-
serving discretization for very light quarks, while Wilson fermions are much cheaper
and have to be preferred when the quark mass is not so small.
The reason why these theories are called Partially quenched is that quenched theo-
ries are recovered sending ms →∞.
3.9. The continuum limit
Up to now we have only imposed necessary conditions for our statistical system
to describe QCD. After explaining the general condition a system must satisfy to
have a continuum limit, we will describe how it can be attained and which are the
tools to establish whether the limit obtained correctly describes QCD.
In this sense a rigorous mathematical proof at the nonperturbative level is lacking.
For example, there are systems with more than one continuum limit and the correct
one is taken only in a certain region of the parameter space.
On the lattice many symmetries of the continuum are broken and the dynamics due
to energies above 1/a is neglected. This dynamics is required, among other things,
to preserve symmetries themselves. As happens in Effective Field Theories, the in-
formation from the high energy dynamics that is relevant for low energy experiments
can be collected, at a given precision, in the tuning of a finite number of parameters.
3.9.1. Critical points
Not all statistical systems have a continuum limit. If any continuum limit exists,
this must be independent of the details of the underlying lattice.
As demonstrated by the study of critical phenomena, many systems, as different as
ferromagnetic metals and liquids are in their molecular structure, but with the same
symmetries, show quantitatively the same long range behavior when observed close
enough to their critical points. This phenomenon is referred to as universality.
In these situations the correlation length of the system ζˆ in units of the lattice
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spacing, ζˆ = Mˆ−1 where Mˆ is the mass of the lightest excitation, goes to infinity.
This explains why the details at the atomic scale become irrelevant. Criticality is














Figure 3.2: The renormalization process in the case of degenerate quarks is il-
lustrated. At fixed g, we tune mˆq until we find that the ratio of the proton
and the pion mass is as the physical one. For example in point C we would get
Mˆpi/Mˆp > (Mpi/Mp)phys, in point A the opposite while in B the mass is correctly
tuned. When this is attained, we compare the pion mass in lattice units to his
physical value to get the lattice spacing a. Once this is done, g is reduced and the
process repeated as the continuum limit is approached.
3.9.2. Action renormalization
The physical observables are a function of the bare dimensionless quark masses
mˆqi , the bare coupling constant g, Nt, Nx and other parameters like r of eq. (3.27)
that depend on the particular discretization chosen. Note that a does not enter in
any way in the definition of the action and so it is not a free parameter of the theory.
The decay rates of correlators eq. (3.53) give hadron masses in lattice units as shown
by eq. (3.10). To renormalize the theory at a given g we have to tune mˆqi in such
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a way that Nf independent physical ratios of hadron masses are reproduced. After
this is achieved, by comparing the physical value of a chosen hadron with the lattice
value in lattice units, one obtains a determination of a.
As we will argue in Section 3.9.3, to every g correspond a different value of a. In




for a statistical system in the same universality class as QCD.
At this point one changes the bare coupling g and repeats the tuning as above, so
that a trajectory in parameter space is drawn, as shown in Fig. 3.2 for the simplified
case of degenerate quarks.
The point is that at every lattice spacing a we want to describe the same physics, the
continuum physics. For this to happen we have to change the bare parameters Gˆ in
such a way that the continuum observable we are trying to describe on the lattice,
O[Gˆ], remains the same. Renormalizability implies the existence of a trajectory
Gˆ(a), called “renormalized trajectory”, such that O[Gˆ(a)] is equal to the continuum
physical value up to O(a) effects. If we call Gˆi the points in parameter space where
we are simulating, then:
O(Gˆi) = Ophys +O(a) . (3.58)
These O(a) effects are there because we are neglecting in our calculations high en-
ergy dynamics and will be more relevant for “high energy observables”.
More precisely, in the renormalization process we have imposed that Nf + 1 observ-
ables have their physical values on all points of the renormalized trajectory we have
taken:
Oj(Gˆi) = (Oj)phys , j = 1 . . . Nf , Nf + 1 , (3.59)
but then we should expect that for other observables:
Oj(Gˆi) = (Oj)phys +O(a) , j = Nf + 2, . . . . (3.60)
The renormalized trajectories end in a common point called “fixed point”. The
closer we get to the continuum, the slower the parameters have to vary in order to
maintain the physics the same. Now it turns out that such fixed-points if they exist
are universal, because the approach to such points can be achieved by tuning just a
finite number of parameters.
Operators like the mass operator appear to be multiplied by negative powers of a
in the naif continuum limit. This is why mˆq → 0 if a→ 0 for overlap fermions. For
Wilson fermions we have already mentioned that, due to the explicit breaking of
chiral symmetry, the bare quark mass receives an additive contribution mˆc. In the
continuum limit mˆc does not vanish. It is common to reshuﬄe the bare perturbation
series by defining a new bare mass mˆ
(W )
q = mˆq + mˆc and adding a new interaction
term mˆcψˆψˆ. The new defined bare mass mˆ
(W )
q goes to zero in the continuum limit.
How fast mˆq(a) goes to zero determines the value of the physical mass mq = mˆq/a,
as shown in Fig. 3.2.
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Operators that have dimension four in the continuum limit, like the gluon autointer-
action and the quark gluon interaction, are called marginal operators. Their behav-
ior as a→ 0 is determined by quantum effects. Hence, to know whether their value
has to grow or decrease as we reduce a, one needs to solve the Callan Symanzik





Figure 3.3: Renormalized trajectory in the presence of two fixed points. In fixed
point A g = g∗, g∗ 6= 0 while in B g = 0. If we are simulating in a region above the
dashed line, our statistical system will have a renormalized trajectory ending in A.
If we are simulating at too large a (and we do not know the phase diagram, as it is
always the case), we are not able to say for sure that our renormalized trajectory
will end in B. It is only when we enter the so called scaling region that we can claim
to be simulating QCD, because then the shape of the renormalized trajectory is
predicted by perturbation theory.
relevant) are not tuned in the renormalization process because they appear to be
multiplied by positive powers of the lattice spacing a for dimensional reasons(recall
eq. (3.13)). Close enough to the continuum limit, this will be the relevant behavior
as quantum effects can only correct their coefficients by logarithmic effects. The
parameter these operators have in front (r in the case of the Wilson operator) can
be changed at will without spoiling the possibility to reach the continuum limit in
principle. There are infinite such operators while the number of marginal or relevant
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operators is finite and is determined by the dimensionality of space-time.
In practice it is better to reduce the discretization errors by choosing wisely also
the coefficients of irrelevant operators. This allows to have eventually only effects of
O(a2) in eq. (3.58) so that the continuum limit is reached faster. This is the subject
of Sect. 3.10.
Now, even if we are in the vicinity of a critical point and we have been able to
tune the bare quark masses and coupling so that the masses of Nf + 1 hadrons are
correctly matched, we are not granted that our statistical system will correctly re-
produce QCD (predicting the correct value for other observablesOj, j = Nf+2, . . . ).
A situation that may occur is the one depicted in Fig. 3.3 referring to a statisti-
cal system that has two fixed points: one with g = g∗ 6= 0, and the other with
g = 0. In case we are taking points on the trajectory that ends in g∗ (above the
dashed line) we are not simulating QCD and the predictions we obtain are wrong.
Unfortunately it is not possible to obtain a phase diagram by analytical methods,
so we need one more robust check to ensure we are approaching the correct crit-
ical point. When we are close enough to g = 0, we can rely on perturbative methods.
3.9.3. Renormalization group equations at the perturbative
level
For simplicity let us consider the case of Nf massless quarks, which means we
are tuning the pion mass to zero at every step5. Then a general observable will be
just a function of g and other irrelevant parameters that we will globally call xˆ. For
small g we can calculate this dependence in perturbation theory.
The content of the previous paragraph, that the (dimensionful) physical quantities
O(g, a, xˆ) have to become independent of a when a→ 0 for the continuum limit to












After one observable is calculated in perturbation theory, one can solve the above
differential equation for β(g):











Nf ) . (3.64)
As a consequence of the positivity of β0, for Nf < 33/2, g(a)→ 0 in the continuum
limit6. This makes perturbative calculations on the lattice meaningful and allows
5There is nothing special here about zero mass. What is important is the assumption that we
are simulating at constant physical mass.
6Note that in g = 0 the β function vanishes so this is a fixed point of the renormalized trajectory.
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us to predict how observables scale, close enough to the continuum limit. Indeed
one can solve eq. (3.62) to obtain a relation between g and a. For our purposes it is











where ΛL is an integration constant. Now every physical observable O, with mass
dimension dO will be proportional to ( 1a)





allows us to predict how the observable should scale as a function of g, when it is




We stress that this behavior only sets in for small enough a, but we have a priori
no clue about the precise value of a where this should happen. The region where it
does happen is referred to as the scaling region.
Only if the observables we measure Oˆ(gi) at different gi satisfy this scaling we may
be confident that we are taking the correct continuum limit. Then fitting the Oˆ(gi)
to the curve eq. (3.67) we can extract CˆO.




where ΛL was previously extracted through eq. (3.65).
3.9.4. Composite operators
The renormalization we have described in Sect. 3.9.2 is not enough to eliminate
divergences that may arise when considering correlation functions with insertions
of composite operators. Composite operators are used to create hadrons out of the
vacuum. For example the state:
ψγ5T
aψ(x)|0〉 , (3.69)
has a non zero overlap with a pseudoscalar meson whose flavor quantum numbers are
specified by the SU(Nf ) generator T
a. It also creates excited states like axial mesons
or multiparticle states with the same quantum numbers, but these contributions in
correlation functions will be suppressed at large time separations as in eq. (3.10).
One can perform the renormalization perturbatively, in pretty much the same way as
one would do in the continuum. However, the additional complication coming from
breaking continuum Lorentz invariance and Chiral symmetry in the case of Wilson
fermions makes it prohibitive to go beyond the one loop precision. One cannot even
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be sure that, at any given lattice spacing a, a perturbative treatment is valid.
The goal is therefore to define renormalization non-perturbatively as in Fig. 3.2 for
the action. We will focus on the finite renormalization of flavor nonsinglet vector
and axial currents.
For zero physical quark masses and a regularization that preserve chiral symmetry,
like dimensional regularization, these currents are conserved, which means that one
can define constant charges QA,V as the spatial integration of the time component
of the currents. These charges satisfy commutation relations like:
[QV , ψ] = −ψ , (3.70)
which would be spoiled by a multiplicative renormalization. So, provided chiral
symmetry is maintained, these currents do not require renormalization. In a mass
independent renormalization scheme this fact remains true also at finite quark mass.
For Wilson fermions chiral symmetry is broken explicitly. As a consequence, when
we derive the usual Ward identities on the lattice, non-continuum like terms will
appear. We describe this with an example, for clarity.












ψˆ(n)T aγµγ5U(n, n+ µˆ)ψˆ(n+ µˆ) + h.c.
]
. (3.72)
With this definition, and for on-shell states, the usual PCAC relation becomes:







ψˆ(n)T aγ5U(n, n+ µˆ)ψˆ(n+ µˆ)




One can show that Xˆa(n) comes from the variation of the Wilson term under the
transformation of eq. (3.31). As a consequence it is O(a) and does not ruin the
symmetry of the theory at the classical level. However quantum effects will induce
mixing of Xˆa(n) with operators of equal or lower dimension. Divergences arise that
cancel the O(a) factors and spoil the restoration of chiral symmetry also when the
cutoff is removed. For non singlet currents, these effects can be neutralized by a
renormalization of the mass ∼ (1/a) and of the axial current (finite). We discuss
this in the following.
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The operators with which Xˆa(n) mixes and that do not vanish in the continuum
limit have dimension 4 at most. There are just two such operators with the right
symmetries:
ψˆ{T a, mˆc1}γ5ψˆ , ∂ˆµJˆaAµ , (3.75)
which are already present in the Ward identity. As a consequence we can define a
renormalized Xˆa(n) [46]:
XˆaR = Xˆ
a + ψˆ{T a, mˆc1}γ5ψˆ + (ZA − 1)∂ˆµJˆaAµ , (3.76)
where mˆc and ZA are unknown coefficients. Substituting eqs. (3.76) in eqs. (3.73)
one obtains:
ZA〈α|∂ˆµJˆaAµ|β〉 = 〈α|ψˆ{T a,Mˆ − mˆc1}γ5ψˆ|β〉+ 〈α|XˆaR|β〉 (3.77)
where mˆ
(W )
q ≡ Mˆ−mˆc is the bare Wilson mass we mentioned above. Imposing that








(JˆaAµ)R ≡ ZAJˆaAµ mˆ(W )q ≡ mˆq − mˆc . (3.79)






Now to determine ZA, ZV one has to impose that additional current algebra rela-
tions hold at finite lattice spacing. For example the authors of [46] start from the
continuum relation:
∂µ〈JaAµ(x)J bAν(y)J cV ρ(0)〉 = 〈ψ(x){T a,M}γ5ψ(x)J bAν(y)J cV ρ(0)〉
+ ifabdδ(x− y)〈JdV ν(y)J cV ρ(0)〉+ ifacdδ(x)〈J bAν(y)JdAρ(0)〉 . (3.81)
On the lattice and with Wilson fermions one finds:
ZA∂ˆµ〈JˆaAµ(n)Jˆ bAν(m)Jˆ cρ(0)〉 = 〈ψˆ(n){T a,Mˆ(W )}γ5ψˆ(n)Jˆ bAν(m)Jˆ cV ρ(0)〉
+ ifabdδ(n,m)〈JˆdV ν(m)Jˆ cV ρ(0)〉+ ifacdδ(n, 0)〈Jˆ bAν(m)JˆdAρ(0)〉
+ 〈XˆaR(n)Jˆ bAν(m)Jˆ cV ρ(0)〉 . (3.82)
Setting eq. (3.82) equal to eq. (3.81) allows to extract ZV and Z
2
A.
There are alternative ways to fix ZA and ZV that are equivalent to the one proposed
here, up to terms of O(a). This also means that once we have set eq. (3.82) to
reproduce eq. (3.81) by setting the last term to zero, other Ward Identities will hold
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up to O(a) effects. In practice, for typical values of a these differences can be quite
large, so that an understanding and removal of O(a) effects is required to have an
acceptable determination of chiral parameters, like the pion decay constant F .
Keeping into account renormalizability and symmetry, ZA,V can depend on:
the particular form of the action at O(1);
the renormalization condition;
g(a), in such a way that the no renormalization theorems are recovered as
a→ 0
Perturbative calculations show that indeed:
ZA,V = 1 +O(g
2) (3.83)
which means that ZA,V approach 1 only logarithmically (see eq. (3.65)) and can
differ significantly for typical values of a.
We can go through the same argument for GW fermions. The continuum Ward
identities must be supplemented by terms like Xˆa in eq. (3.73). We already argued
that in the case of GW fermions Xˆa can at most produce contact terms. In [43] it
is shown that these contact terms are harmless. In particular:
no additive renormalization for the mass is required (mˆc = 0);
conserved axial and vector flavor currents can be defined such that ZA = ZV =
1;
operators belonging to different representations under chiral transformations
do not mix.
These statements can also be proven on the basis of the exact chiral symmetry on
the lattice eq. (3.49) and the arguments below eq. (3.70). As we will show, the
determination of ZA,V is required for the determination of the pion decay constant
from 2 point functions. To this end it is convenient to use overlap quarks to simulate
at least the lightest quarks. We stop the discussion here and refer to [46] for details
about the normalization of scalar and pseudoscalar operators.
Once we have renormalized the composite operators we are interested in, we can
check that other Ward identities hold apart from O(a) effects. If this happens, this
is additional numerical evidence that we are approaching the correct continuum
limit.
3.9.5. Phase diagrams for Wilson fermions and Aoki phase
When we are trying to simulate very low physical quark masses, that are pro-
portional to mˆ
(W )
q , it might happen that the residual O(a) chiral symmetry breaking
contributions from XˆaR are larger than those due to the quark masses.
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Figure 3.4: Phase diagram for Wilson fermions as a function of the subtracted mass
mˆ
(W )
q . The lines show the phase boundaries between the Aoki phase (where parity
and SU(2) flavor symmetry are spontaneously broken to U(1)) and the QCD phase.
On these lines all pions are massless. This figure is extracted from [23].
In this situation the discretization effects are so strong as to induce a phase tran-
sition. This possibility was first suggested by Aoki [24].
The situation is as pictured in Fig. 3.4. The QCD fixed point is at mˆ
(W )
q = g = 0.
The QCD like phases are denoted by A, while the Aoki phase is denoted by B. In
the points with mˆ
(W )
q equal to -2, -4, -6, -8 and g = 0, we obtain the continuum limit
for theories which resemble QCD but contain respectively 1, 4, 6, 4, 1 fermions for
each flavor 7.
Let us discuss the case with 2 degenerate flavors for simplicity. The vector symme-
tries as well as parity are respected by the discretization. In phase A the pions all
have the same mass, which is non zero. In particular the squared pion mass Mˆ2pi is
proportional to mˆ
(W )
q (see Chapter 4). Diminishing the pion mass we approach the
phase boundary, where it is exactly zero.
In phase B the SU(2) vector flavor symmetry and parity are spontaneously broken
(in infinite volume) to U(1). Since also parity spontaneously breaks down, the pions
continue to have the right quantum numbers to play the role of Goldstone bosons.
Indeed the charged pions are massless in phase B.
In the absence of such a phase transition, and barring exotic hypothesis, there would
not be massless quarks in Wilson regularization, because the chiral symmetry is ex-
plicitly broken.
The danger, at the moment of performing lattice simulation, is that the points of
the renormalized trajectory are taken inside phase B. In such a case we would not
7Except that for Nf too high QCD might become a theory with no asymptotic freedom and no
confinement.
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be able to tune mˆq to obtain a nonzero physical quark mass.
For Nf even one could in principle simulate also in the A zone with −2 < mˆ(W )q < 0
with no restriction for the physical quark mass, but for practical reasons, that are
out of the scope of this work, this is not convenient.
This provides another justification for the use of overlap discretization for light
quarks.
3.10. Wilson O(a) improved fermions
So far we have only dealt with the issue of whether the correct continuum limit
can be taken to give QCD. In practice the limit is evaluated numerically: a finite
number of points is taken like in Fig. 3.2 and the limit is obtained through an ex-
trapolation, which is reliable only if we are in the scaling region. For this reason,
the bigger will be the O(a) effects in eq. (3.60), the larger the systematic error as-
sociated to the continuum extrapolation.
Taking the point of view suggested by Symanzik [47], that LQCD is an effective the-
ory of QCD, one expects that O(a) effects can be removed by tuning the coefficients
of higher dimension operators in the Lagrangian. After this is done we say that the
Lagrangian is “O(a) improved”. Composite operators also need to be improved by
the addition of higher dimensional operators that share the same quantum numbers.
In particular one can build a continuum theory describing LQCD by collecting
all the local operators compatible with the symmetries of the LQCD Lagrangian
and ordering them according to their dimensionality. The effective action is written
as:
Seff = S0 + aS1 + a
2S2 + . . . , (3.84)
where the leading order term, S0 corresponds to QCD. Similarly, for a composite
operator O(x) one will have:
Oeff (x) = O0(x) + aO1(x) + a2O2(x) + . . . , (3.85)
where the Ok(x) are linear combinations of composite, local fields with the same
symmetries and quantum numbers of the original Lattice operator.
A generic correlation function on the lattice will be written as:
〈Oˆ(x1/a) . . . Oˆ(xn/a)〉lat = 〈O(x1) . . .O(xn)〉cont (3.86)
− a
∫




〈O0(x1) . . .O1(xk) . . .O0(xn)〉cont +O(a2) , (3.88)
where L1 is the integrand in S1 and the subscript cont means the correlation func-
tions are calculated with respect to the continuum action S0.
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We start now to discuss which operator has to be added to the Lagrangian and
the axial current and how their coefficients can be determined. We refer to [48]
and [49] for a more complete treatment. We restrict our attention to correlation
functions in which fields are separated by non vanishing physical distance in space-
time, because in such a case the number of operators that has to be considered is
reduced.
It turns out that, to improve the action, just one operator has to be considered:
L1 = cswψσµνFµνψ , (3.89)







The operator in eq. (3.89) is referred to as Sheikholeslami-Wohlert operator [50].
At the lattice level we have to find a discretized version of these two new terms
to add to the Wilson action and axial charge, and tune their coefficient so that
the contributions coming from S1 and A1 are canceled. Since we want only O(a)
improvement we just have to add operators that reduce to those in S1 and JA1 in
the naive continuum limit. For the action we can add:








(Qˆµν + Qˆνµ) , (3.92)
Qˆµν = U(n, n+ µˆ)U(n+ µˆ, n+ µˆ+ νˆ)U(n+ µˆ+ νˆ, n+ νˆ)U(n+ νˆ, n)
+ U(n, n+ νˆ)U(n+ νˆ, n− µˆ+ νˆ)U(n− µˆ+ νˆ, n− µˆ)U(n− µˆ, n)
+ U(n, n− µˆ)U(n− µˆ, n− µˆ− νˆ)U(n− µˆ− νˆ, n− νˆ)U(n− νˆ, n)
+ U(n, n− νˆ)U(n− νˆ, n+ µˆ− νˆ)U(n+ µˆ− νˆ, n+ µˆ)U(n+ µˆ, n) .
Note that Fˆµν corresponds to four adjacent plaquettes. Analogously the improved
axial current and pseudoscalar operator can be parametrized as:
(JˆAR)
a
µ = ZA(g, r)(1 + bAmˆq){JˆaAµ + cA∂ˆµPˆ a} , (3.93)
(PˆR)
a = ZP (g, r)(1 + bP mˆq)Pˆ
a , (3.94)
Pˆ a = ψˆ(n)γ5ψˆ(n) . (3.95)
Eq. (3.93) and eq. (3.94) incorporate the most general dependence to O(a) of the
renormalization factors. An explanation of how these effects arise is contained in [48].
Now we give a method to determine the coefficients cA and csw.




2〈Pˆ a(n)Oa(0)〉 , (3.96)
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In the continuum limit, or with chiral symmetry restored, the value we obtain for
mPCACq should not depend on n or on the particular operator Oa chosen. Any
deviation from this behavior comes from discretization effects. Hence with Wilson
fermions mPCACq is a function of Oa and n. This suggests that the coefficients csw
and cA can be tuned by imposing that mq does NOT depend on n, or that at fixed
n it does not depend on Oa. In general three conditions can be imposed to fix the
two improvement coefficients, say that mq(n˜) is the same for operators Oa1 , Oa2 and
Oa3 . Then, for other operators or space-time coordinates it will hold:
mPCACq (n,Oai ) = mPCACq (n˜,Oa1,2,3)(1 +O(a2)), i > 3 or n 6= n˜, i = 1, 2, 3 (3.98)
Once cA and csw have been fixed, the renormalized mass (m
PCAC
q )R will be obtained
after a multiplicative renormalization:
(mPCACq )R = m
PCAC
q
ZA(g, r)(1 + bAmˆq)
ZP (g, r)(1 + bP mˆq)
+O(a2) . (3.99)
3.11. Chiral anomaly and topological charge on
the lattice
In the continuum and at infinite volume one evaluates an observable in a θ = 0
vacuum, by calculating the average over a sample of configurations, without worrying
whether they belonged to a specific topological sector. At finite volume one can
compute also averages over sectors of fixed topological charge ν, in fact there is a
non-trivial dependence on this topological charge, that grows like the inverse space-
time volume 1/V [51–53], vanishing in the infinite volume limit. As we will argue
in Chapter 4 the dependence on the topological sector ν can be predicted by the
EFT for low energy observables. It is therefore important to specify a method to
determine the topological charge of a configuration on the lattice.




This condition imply that on a large enough sphere S3:
A(x)µ|x∈S3 ≈ Ω−1(x)∂µΩ(x)|x∈S3 , Ω(x) ∈ SU(3) (3.101)
so that every gluon field produce a mapping from S3 to SU(3). All such smooth
mappings can be classified according to their winding number ν. Of course the
mapping will not be surjective but will wind an SU(2) subgroup of SU(3) ν times
(this will always be the case if the map is smooth because SU(2) is isomorphic to
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S3). To evaluate ν we have to integrate A(x)µ over the whole sphere according to
the Haar measure, which guarantees that the result will be gauge invariant8. As
shown in [54], applying the divergence theorem this integral can be written as:
ν = − 1
32pi2
∫
d4xµνρσTr [FµνFρσ] . (3.102)
ν is commonly called the topological charge and is the variable conjugated to the
vacuum angle θ through the Fourier transform.
Now notice that the field eq. (3.101) is a gauge transformation of the vanishing
gluon field at the boundary. So the statement that the topological charge is gauge
invariant means that it is impossible to find a smooth gauge transformation that
allows to deform a configuration with topology ν1 to a configuration with topology
ν2, ν1 6= ν2.
Now let us try to carry this definition on the lattice. There we must impose
periodic boundary conditions apart from gauge transformations. For example let us
take periodic boundary conditions on space directions and:
U(n, n+ µˆ)|n0=nT = Ω(n)U(n, n+ µˆ)|n0=0Ω(n + µˆ) (3.103)
where Ω(n) interpolates a map from the three dimensional torus T 3 to SU(3). On
the lattice there is no notion of smoothness for a gauge transformation and it can
be shown that any configuration satisfying eq. (3.103) can be gauge transformed to
one with vanishing gluon field, which has zero topological charge.
It seems therefore that one cannot simulate non trivial topology on the lattice.
In fact every configuration at a 6= 0 interpolates an infinite number of physical
continuum configurations, with different topological charges. But in the continuum
limit all but one, with definite topological charge, decouple. It is clear however that
eq. (3.102) does not allow to define the topological charge on the lattice.
One solution is provided by the index theorem [55], relating ν to the number of right
(left) handed zero modes of the Dirac operator nR (nL):
ν = nR − nL . (3.104)
This theorem was shown to be valid also on the lattice in [44, 56] provided that
Ginsparg Wilson fermions are used.
3.12. HQET on the lattice
In our work we have considered correlators of heavy light bilinears. We discuss
now how these propagators can be simulated on the lattice.
8As we already mentioned, once we impose that the integration measure over a Lie group is
left-right invariant and normalized (so that the volume of the group is one), it turns out that it is
unique.
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Even though we only consider correlators of static-light mesons, which do not prop-
agate in space, a cloud of PGBs is generated by quantum effects. If the lattice
length is not large enough to contain their correlation length, their wave functions
will overlap. The volume effects so generated distort the behavior of the correlation
functions unless, as we will argue in the following chapter, MpiL  1. When we
put this requirement together with the one that cutoff effects should be reasonably
small and so MBa  1, we obtain that we should be simulating at huge lattices,
which are out of reach of present computer power:
ΛIR = L
−1  Mpi , . . . ,MD , MB  a−1 = ΛUV
↓ ↓ (3.105)
L & 4/Mpi ≈ 6fm a . 1/(2MB) ≈ 0.02 fm
⇒ L/a & 300 ,
while for present lattices (depending on the regularization used) nT ∼ 2nL ∼ 60.
We will see that the requirement MpiL  1 can in fact be softened, but still this
does not solve the problem completely.
However if we restrict our attention to processes in which typical momenta ex-
changed are of the order of ΛQCD, we expect that the heavy quark can be consider
as a static source with a good approximation. Once its mass mh has been integrated
out, as we have shown in eq. (2.25), the dynamics we want to describe only involves
light degrees of freedom with momenta p ∼ ΛQCD. To accommodate this on a lattice
we can release the condition MBa 1 for ΛQCDa 1.
We give now the discretized version of eq. (2.26). Calling DH the static Dirac
operator on the lattice, we obtain:
D−1H (n,m) = δ(m,n)θ(n0 −m0)
l=(m0,n)∏
l=(n0,n)






This expression will enter in eq. (3.55) whenever we consider a meson made out of
a static valence quark. Internal heavy quark loops are suppressed by 1/mh and can
be completely neglected in the static approximation. This is the reason why we do
not have to calculate the determinant of the heavy block.




In 1966, Weinberg [58] proposed that the dynamics of pions at low-momenta
(below the threshold of production of heavier states) could be well described by an
effective theory, where a perturbative expansion could be arranged as an expansion
in the momenta and masses instead of coupling constants.
If one builds the most general Lagrangian of pion fields compatible with the symme-
tries of QCD, Weinberg’s theorem ensures that the most general S-matrix consistent
with the fundamental principles of quantum field theory is obtained [11]. It should
therefore be the right description of QCD in this regime. Even if the number of op-
erators that can enter the Lagrangian is infinite, at a given order in the momentum
expansion, only a finite number contribute. The divergences that arise at a given
order can be reabsorbed in a finite number of the coupling constant of the theory
and therefore at this order the theory is predictive. What the symmetry does not
provide is the value of the coupling constants of this Lagrangian and therefore they
must be fixed from experiment or alternatively computed from QCD by some non-
perturbative method.
The cutoff of the EFT Λχ is expected to be around the mass of the vector reso-
nances Λχ ∼ 1GeV . The expression for the most general Lagrangian of the Pseudo
Goldstone Bosons (PGBs) that results from a symmetry SU(N)R × SU(N)L spon-
taneously broken to SU(N)V was derived long ago by Gasser and Leutwyler up to
NLO [10, 59] and is known as ChPT (chiral perturbation theory). Also the next-
to-next-to-leading order (NNLO) terms have been found [60]. At LO there are two
coupling constants (also called LECs): the pion decay constant F and the scalar
quark condensate in the chiral limit Σ. At NLO they are ten, at NNLO ninety.
All those constants are unknown functions of the strong coupling constant α, the
number of “light” flavours Nl and of the heavy quark masses that are integrated
out. The dependence on the light quark masses is kept explicit in the EFT.
In this chapter we summarize how this effective theory is built.
One important point is that lattice simulations are done at finite volume, so that
they can be matched to ChPT results only at finite volume. ChPT can be safely put
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in a finite volume and as long as LΛχ  1, where L is the length of the lattice. The
theory is the same as in infinite volume (the LECs are the same). Once the volume
is fixed we can have two different regimes depending on the value of the light quark
masses.
If MpiL  1, finite volume effects are exponentially suppressed. This is the so-
called p-regime. The second possibility is called the -regime and is characterized
by MpiL . 1. In this case, finite volume effects are large, but they can be predicted
within the chiral expansion.
As we anticipated, also unphysical conditions such as discretization errors and
quenching can be described in the EFT. We explain two practical methods to imple-
ment partial quenching in the effective theory that will be used to obtain our results
in later Chapters. The price that must be paid to include discretization effects is
the increase in the number of LECs. We address the problem essentially to conclude
that they are negligible, provided Ginsparg-Wilson fermions are used.
All these techniques have been proven useful to describe the dynamics of PGBs
but can be applied in principle to describe the low energy phenomenology of other
hadrons. The extension that describes heavy-light mesons made of a heavy quark
(like the bottom or the charm) and a light one (up, down or strange) has been called
HMChPT and is reviewed in [61]. One of the results of this thesis has been the ex-
tension of HMChPT to the -regime. In this section we review how the Lagrangian
is constructed.
The last section is devoted to explain the relation between Random Matrix Theory
(RMT) and QCD in the -regime. The comparison of RMT predictions and lattice
results offers, among other things, the possibility to extract LECs in a framework
where the systematics are very different.
4.1. The ChPT Lagrangian at LO
The lightest QCD asymptotic states are the Pseudo Goldstone Bosons (PGBs)
related to the broken symmetries of the axial generators eq. (2.13). In order to
describe their dynamics at low energies, baryons and heavier meson resonances can
be integrated out. As predicted by the decoupling theorem they would leave their
imprint in the LECs [62]. For a theory in which Nl quarks are considered light,
ml  ΛQCD, there are N2l − 1 PGBs that we will group in the field ξ.
We want to build the chiral effective Lagrangian for an underlying theory that
is invariant under the group G, G = SU(Nl)L × SU(Nl)R but whose vacuum is
invariant only under the subgroup H, H = SU(Nl)V . To this end we first choose a
parametrization for the PGBs fields with simple transformations properties under
the chiral group.
The transformation properties of the pions under the flavor symmetry group G
must be described by an application (not necessarily linear) ϕ that preserve the
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operation of the group. That is, for every ξ and for every gi ∈ G it must hold:
ϕ(1, ξ) = ξ
ϕ(g1, ϕ(g2, ξ)) = ϕ(g1g2, ξ) .
In the vector space spanned by ξ there must be a point, for example the origin, that
is left invariant by elements of H (this will be the vacuum). Given this, it is possible
to find one-to-one mappings between the quotient G/H and the pion fields [63]. As
a consequence, every pion field transforms like the corresponding coset under the
group G. In fact infinite such one-to-one mappings exist. To each corresponds a
different parametrization of the quotient G/H in terms of the ξs.
We write a generic element of G as g = (L,R), where L (R) belongs to SU(3)L
(SU(3)R) and is defined in eq. (2.13). Evidently the elements of H are those for
which L = R. Then the coset of g is characterized by the matrix U ≡ LR† because:
(L,R) = (LR†R,R) = (LR†, 1)(R,R) .
It is easy to verify that U transforms like
U → LUR† .
Because of the 1 to 1 mapping between G/H and the pion fields, U is a general
(invertible) and continuous function of the ξs: U(ξ). The only requirement imposed
by the unbroken SU(N)V symmetry is that U(0) (0 is the vacuum) remains invariant
if L = R. Coleman showed [64] that there is always some U(ξ) for which the action
of SU(N)V on the pion fields is linear. This last requirement is not necessary, but
obviously makes things easier. One parametrization satisfying both these properties
is the exponential map:
U(x) = e
2iξ(x)
F ξ(x) = T aξa(x) (4.1)
where T a are the generators of the SU(N) algebra and F ∼ 90 MeV is the pion
decay constant, defined through the matrix element:
〈0|JaAµ(0)|pib(p)〉 = ipµFδab . (4.2)
Now, according to the Weinberg theorem [11], to describe the PGBs dynamics at
low energies, we have to build the most general Lagrangian, function of U , that:
is invariant under global SU(N)L × SU(N)R × U(1)V in the chiral limit;
is invariant under Lorentz, parity and charge conjugation.
To select the most relevant operators among the infinite that are allowed by sym-
metries, one makes an expansion in
p/Λχ ∼Mpi/Λχ  1 , (4.3)
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where Λχ ' 4piF , as can be derived from naturalness arguments. Diagrams with in-
sertion of higher dimensional operators or with loops will be suppressed by positive
powers of p/Λχ or Mpi/Λχ
1. In particular, each derivative in a vertex showing up in
the diagram contributes a factor p/Λχ, while by dimensional considerations, every
loop in a scalar theory contributes a factor (p/Λχ)
2 ∼ (Mpi/Λχ)2.
Since the symmetry is not anomalous, the divergent graphs have a momentum or
mass dependence that must appear in some other higher dimensional term. Con-
sequently divergences can be absorbed in coupling constants in the higher order
Lagrangian. The finite parts of the coupling constants are not constrained by sym-
metry and remain to be determined from experiment in the absence of a direct
calculation.






. The exponent D can be calculated as [11]:




where l and Nd are respectively the number of the loops and the vertices with d
derivatives.
Terms with no derivatives must be of the form Tr [UU †], and are trivial because
UU † = 1. Terms with one derivative are of the form Tr [U †∂µU ], which is an element
of the SU(N) algebra, hence traceless. So the leading terms must have at least two
derivatives, or one power of the quark mass.





To include the effect of explicit symmetry breaking induced by the quark masses one
notices first that the QCD Lagrangian mass term is not invariant under SU(Nl)L×
SU(Nl)R. However invariance would be granted if the mass matrixM transformed
like M→ LMR†. At lowest order in the quark masses, the most general operator
that is invariant under M→ LMR† and U → LUR† is:
Σ
2
Tr[MU † + UM†] (4.6)
where the quark condensate Σ is related to the matrix element:
Σ = − 1
Nl
〈0|ψψ|0〉 , (4.7)
in the chiral limit. Σ is therefore the order parameter of chiral symmetry breaking.
This is the so called “spurion technique” and allows to include in the effective theory
also operators that mediate electromagnetic and weak interactions [63].




1With Mpi we indicate the mass of a general PGB in this chapter, not specifically of a pion.
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and inserting eq. (4.1) in eq. (4.8) one obtains a mass term for every PGB ξa. Note
that because of chiral symmetry the most general case is to consider a non degenerate
diagonal mass matrix:
M = diag{m1, . . . ,mNl} . (4.9)
The square PGBs masses are proportional to a linear combination of quark masses.








Tr[MU † + UM†] . (4.10)
We now impose that LChPT is locally chiral invariant. The reason to do this is that
it allows to identify the chiral currents in the EFT, the analogues of eq. (2.14), and
to write all the relevant correlation functions in a compact way [59]. As usual this
requires to construct a covariant derivative:
DµU ≡ ∂µU + ilaµT aU − iUT brbµ , (4.11)
where rb and la are respectively the left and right sources, and to substitute it in
eq. (4.5). The pseudoscalar and scalar sources are grouped under the symbol χ:
χ ≡ 2Σ(M+ s+ ip)
F 2
. (4.12)
Finally the ChPT Lagrangian in presence of sources can be written as:




† − (χ†U + U †χ)] . (4.13)
We are now in the condition to write all the correlators of operators in terms of
derivatives of a partition functional with respect to the corresponding currents:




dxLChPT [s, p, r, l] . (4.14)
The general formula for the correlation functions of the operators Jsi associated to








The currents themselves are functional derivatives. At the quark level, the conserved
current associated to left transformations is:
JaLµ =




and it translates to:
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in the chiral effective theory at LO2. Since in our work we will also consider axial,
vector scalar and pseudoscalar correlators, we present in the following our conven-
tions for these operators at the quark level:
P a(x) = iq¯γ5T
aq(x), Sa(x) = q¯T aq(x),
JaAµ(x) = q¯γ5γµT
aq(x), JaV µ(x) = q¯γµT
aq(x). (4.18)
and in ChPT at LO:
Pa(x) = −iΣ
2
Tr [T a(U(x)− U †(x))] ,
Sa(x) = Σ
2




Tr [T a(U †(x)∂µU(x)− U(x)∂µU †(x))] ,
J aV µ(x) =
F 2
2
Tr [T a(U †(x)∂µU(x) + U(x)∂µU †(x))] . (4.19)
We introduce here a notation that will be used throughout this work: operators at
the quark level will be indicated by capital letters like JaLµ, while the corresponding
operators in the effective theory will be indicated by calligraphic letters like J aLµ.
For example, to calculate the correlator between two left currents one can from
the beginning develop the Lagrangian putting r = p = 0, s = M, and leave only l
unfixed:






4.2. The NLO ChPT Lagrangian
If we want to reach a next-to-leading order precision (NLO), we have to add
one loop diagrams with insertions of operators from eq. (4.13), but also tree level
diagrams with insertion of operators from the O(p4) Lagrangian, which we write
as [59]:
LNLOChPT = −L0〈DµU †DνUDµU †DνU〉 − L1〈DµU †DµU〉2 − L2〈DµU †DνU〉〈DµU †DνU〉
−L3〈DµU †DµUDνU †DνU〉+ L4〈DµU †DµU〉〈χ†U + χU †〉
+L5〈DµU †DµU(χ†U + U †χ)〉 − L6〈χ†U + χU †〉2 − L7〈χ†U − χU †〉2
−L8〈χ†Uχ†U + χU †χU †〉+ iL9〈FRµνDµUDνU † + FLµνDµU †DνU〉
−L10〈U †FRµνUFLµν〉 −H1〈FRµνFRµν + FLµνFLµν〉 −H2〈χ†χ〉 , (4.21)
where
FRµν = ∂µrν − ∂νrµ − i[rµ, rν ] ,
FLµν = ∂µlν − ∂νlµ − i[lµ, lν ] . (4.22)
2We add a factor of −i with respect to the usual convention to remove unnecessary minus signs
from the correlators.
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The last two terms are constant and only contribute to contact terms. These op-
erators are needed to renormalize the theory, but have no influence on low energy
observables. They can be omitted in our calculations. The coupling L0 is absent
for the case in which Nl = 3, it appears when one considers the cases Nl general or
some quenched case. Anyway, it only contributes to unphysical scattering processes
at NLO. It starts to be relevant for physical observables at NNLO [65], so that will
be omitted in the following. For a recent review on the determinations of the LECs
from the lattice see [66] and references therein. Note that eq. (4.21) also contribute
to the operators of eqs. (4.19). In case N = 2 the above operators are not all inde-
pendent. The simplifications that occur in this case are discussed in [10,59].
We remark that the LECs depend on the QCD coupling constant g, the masses of
the quarks that are not considered “light” with respect to ΛQCD and the number of
flavors. They contain the information of high energy dynamics that is relevant in
low energy experiments, which is not fixed by symmetry.They do not depend on the
light quark masses nor on the volume provided LΛQCD  1. When going on the
lattice however they can have discretization errors.
The criteria of global invariance, parity and charge conjugation invariance, imply
that the Lagrangian is accidentally symmetric under ξ → −ξ. As a consequence,
the process pi0 → γγ that should be possible to treat in the EFT after including the
proper electromagnetic operators, is forbidden. Wess and Zumino [67] discovered
that this problem can be solved by supplementing the partition functional with
a term that can not be represented as a chiral invariant function of U and its
derivatives in the effective Lagrangian. We do not enter further in the discussion
because this point will be irrelevant for our work. These effects would appear in
certain observables at NLO.
4.3. The p-regime
Working with large enough lattices LΛχ  1, such that PGBs dominate the
correlation functions at low energies, one expects that the effective Lagrangian ob-
tained so far in eq. (4.13) gives a good representation of the partition function Z.
Gasser and Leutwyler showed in [68] that, provided we use periodic boundary con-
ditions, Lorentz invariance can be maintained and the Lagrangian is the same as in
infinite volume, with the same LECs. This is expected on general grounds because
the LECs contain UV information while volume effects are an IR effect (1/L is the
IR cutoff of the theory).
The effect of finite volume is to restrict the domain of integration in the partition
functional to periodic pion fields.
Inverting the Klein-Gordon equation in the subspace of periodic functions one ob-
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where V = L3T , M2pi =
2Σmq
F 2


















n ≡ (n0,n) ∈ Z4 . (4.25)












These modifications are the only necessary to treat the case where MpiL 1. The
power counting remains the one at infinite volume, see eq. (4.3).
4.4. The -regime
The condition L, T  1/ΛQCD allows to consider also volumes not large enough
to include the wavelength of all PGBs if MpiL . 1. Also in this situation the LECs
should be the same as in infinite volume but the power counting eq. (4.3) is no
longer valid and must be reorganized [15].
The zero mode contribution to eq. (4.23) is 1/M2V . Approaching the limit of zero
quark mass at finite volume, this contribution diverges. Gasser and Leutwyler [15]
showed that these contributions can be non-perturbatively resummed to give a finite
result if we use the new power counting:
F ∼ O(1), p ∼ O(), L ∼ O(−1) mq ∼ O(4). (4.27)
In such a case we are taking the chiral limit by keeping M2piV constant. As a
consequence of the above reordering, the contribution of the zero modes to an n-
loop graphs is always O(1) 3.
The zero modes need to be treated non-perturbatively. This results in integrating
over the whole PGBs manifold, which is the compact group SU(Nl). To this end it





where now U0 = e
2iφaT
a




This separation is a matter of convenience. It is useful because, as we show in
3Precisely it goes like (M2piV )
−(n−1). Every internal line contributes a factor (M2piV )
−1. Every
vertex a factor M2piV because a zero mode line attached to a pure derivative term like eq. (4.5)
gives zero. Finally the difference of internal lines and the number of vertices is equal to n− 1
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the following, it allows to treat the perturbative modes separately from the non-
perturbative ones. The integration over the non-zero modes is performed first, re-
sulting in the usual Feynman diagrams. Subsequently the non-perturbative integrals
are solved, using the techniques reviewed in Appendices E and F.
The modes decouple at the level of the action. To show this we assign a power

























and are perturbative. In the new parametrization eq. (4.28) the ξ field only contains
non-zero modes, so that we can introduce:
p ∼ O() ∼ ξ . (4.30)
Putting the parametrization of eq. (4.28) in eq. (4.6) and in eq. (4.5) and expanding
at leading order in  one obtains:
LLOChPT (U0, ξ) = Tr[∂µξ∂µξ]−
Σ
2
Tr[MU †0 + U0M†] (4.31)
so that the zero modes and the non zero modes factorize.
To show that this factorization also happens in the integration measure dU is less
trivial and the argument is relegated to App. A, where it is shown that this indeed
happens at NLO.
A last issue we have to address is how the EFT can predict the dependence of low
energy observables with respect to the topological charge ν [51]. To this end we










should naturally appear in the QCD Lagrangian eq. (2.1). It violates CP so that
it would induce a non zero electric dipole moment of the neutron. Since this is not
observed, we can put an experimental upper bound to θ: θ < 10−9. This incredibly
small value is another case of fine tuning in particle physics which goes under the
name of “strong CP problem”.
However this term is important for us as it constitutes a source of topological charge
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(see eq. (3.102)). θ can be absorbed in the mass matrixM, because of the anomaly,
eq. (2.17). Indeed, when we make a chiral rotation of the quark fields (ψ → eiθ′γ5ψ),
we can get rid of the θ-term but we add a phase to the mass matrix M→ ei θ
′
NlM
so that eq. (4.31) becomes:





NlMU †0 + U0M†e−i
θ
Nl ] . (4.33)
When we try to wash this phase out, we produce a non zero vacuum angle. In
particular θ′ = θ [35].
The non-perturbative integration of the zero modes in the ChPT partition func-









Tr [eiθ/NlMU †0 + e−iθ/NlM†U0]
]
, (4.34)
where µi ≡ miV Σ. For simplicity we will refer to Z(Nl)[θ, {µ}] as the zero modes
partition functional from now on. If we want to fix topology we have to Fourier














Tr [MU †0 + U0M†]
]
(4.35)
which is equivalent to an extension of SU(Nl) to U(Nl) of the domain of integra-
tion. So to calculate observables in a fixed topological sector we just have to use
eq. (4.35) instead of eq. (4.34) as the generating functional. It is remarkable that
while eq. (4.35) can be calculated analytically for all Nl, for partially quenched and
quenched theories, an analytical solution to eq. (4.34) even at θ = 0 is lacking in
the general case and the integrations are done numerically.
It is easy to check that as a consequence of eq. (4.30) all insertions of eq. (4.21)
become O(4) and can be neglected at O(2). In the -regime mass effects are sup-
pressed relative to volume effects; as a consequence, less LECs appear at any given
order in the expansion relative to the infinite volume case. This in turn leads to a
very different setup for the determination of LECs, which offers both the potential
to obtain cleaner computations of some of the latter (those whose effects are un-
suppressed in the quark mass), and a cross-check of the systematic uncertainties of
“infinite”-volume studies.
4.5. Quenched and PQ ChPT: Supersymmetry and
Replicas.
We have already introduced Quenched and PQ theories in Section 3.8. We
consider now how the quenched approximation can be implemented in the ChPT
4.5 Quenched and PQ ChPT: Supersymmetry and Replicas. 65
framework. In the supersymmetric method one accomplishes the loop cancellation
of the contribution of Nv quarks by adding Nv spin 1/2 bosons (ghosts).
To clarify this statement, let us consider a theory with:
Nv quarks with mass mv (referred to as valence quarks);
Nr spin 1/2 bosons with mass mr (referred to as ghosts);
Ns quarks with mass ms (referred to as sea quarks).
Suppose now that we are interested in correlation functions in which the only quarks




DUDψDψDφDφe−SG[U ]+SF [U,ψ,ψ,φ,φ] (4.36)
where the field φ denote the ghosts and SF [U, ψ, ψ, φ, φ] is:

























Since the action is bilinear in the quarks or ghosts field they can be integrated





det (D[U ] +mv) det (D[U ] +ms)




DUe−SG[U ] det (D[U ] +ms) eρ(D[U ]+mv)−1ρ . (4.38)
Notice that the sources only belong to the valence sector, so that there cannot appear
sea quarks or ghosts in external legs. The resulting theory is not space-time super-
symmetric, because there are no superpartners of the gluons. However internal quark
loops are canceled by a mechanism similar to the cancellation of vacuum diagrams
in space-time supersymmetric field theories. The translation of this method in the
language of the effective theory implies that the symmetry of the chiral Lagrangian
is extended to a supergroup: SU(Nv +Ns|Nv) [69]. Also the non-perturbative inte-
grations appearing in the -regime must be performed on a supermanifold, but there
are many subtleties and we refer to [70] for details. This method is very intuitive,
but calculation of perturbative effects with Feynman diagrams is cumbersome and
very inefficient since there is a large number of cancellations.
The second method is easier to use when performing the perturbative calcula-
tions. In the partially quenched case, the calculations are done in the same way
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as in the full theory, but keeping the Nv dependence explicit. After the functional
derivatives eq. (4.15) are calculated, one takes the limit Nv → 0 to remove the
effects due to valence quarks loops. This way the valence quarks disappear from
the determinant in eq. (3.55) but continue to exist in external legs. To deal with
the non-perturbative integrations of the -regime, one uses the same techniques we
mentioned for the supersymmetric method [70]. The equivalence of the two methods
has been argued to hold at every order in perturbation theory [71] and explicitly
tested at NLO.
As we will see when presenting our explicit results for some of the correlators,
the non unitarity of these theories is confirmed in the EFT by the appearance of
double poles (see eq. (B.5)).
An important point is that in the completely quenched theory the flavor singlet
meson (the η′ in the case N = 3) cannot be integrated out: it is a degree of freedom
that does not decouple. As a partial explanation for this fact we notice that the
diagrams that contribute to the anomaly in Fig. 2.1 and should be responsible for
the higher mass of the η′ are neglected in the quenched approximation. The way
the singlet should be included in quenched theories is discussed in [72].
4.6. Discretization errors
Our aim in this section is to give an idea of how discretization errors can be
accounted for in Chiral effective theories. In particular we aim at showing that they
are much suppressed in regularizations that preserve chiral symmetry. We refer
to [73] for a more complete treatment.
Once we accept the Symanzik point of view that LQCD can be described by a
continuum effective Lagrangian by adding higher dimensional terms like eq. (3.89)
at order O(a), nothing forbids to build the corresponding Chiral effective theory.
What matters in the construction are the chiral transformation properties of the
terms that are added in Symanzik theory. Indeed the operators in S1, S2 etc. in
eq. (3.84) may induce a chiral symmetry breaking just as the quark mass does. For
these reason, their effect can be included in the chiral theory by using the same
spurion technique used to build the mass term eq. (4.6).
A power counting rule must be established for the lattice spacing too. Given the
present computational power it turns out that two regimes are worth to be consid-
ered:
GSM (Generically Small quark Mass) regime, where aΛ2QCD ∼ mq;
Aoki regime, where a2Λ3QCD ∼ mq and discretization effects are so strong that
they induce a phase transition (as already mentioned in Section 3.9.5).
We start by analyzing the GSM regime at NLO. The first step is to collect all the
operators compatible with the symmetries of the lattice action up to O(a2) (that
includes O(amq) and O(m
2
q)). There are many such operators in the Symanzik
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theory (∼ 30). However to build the chiral EFT we do not have to consider so
many:
equations of motion can be used (with care) to reduce the set;
operators like mqFµνFµν just induce a reparametrization of the fundamental
parameters (g in this case);
operators like ψ /D
2
ψ and ψσµνFµνψ have the same chiral transformation prop-
erties: they are equivalent.
The remaining set will introduce new unphysical LECs in the theory. These have to
be measured by matching additional correlation functions calculated in the Chiral
EFT and on the lattice. The advantage is that, once this is done, the coefficients can
be applied to subtract discretization errors from any low energy observable evaluated
on the lattice. In addition non analytic effects (ln(a)), that would escape a blind
polynomial extrapolation, are predicted in the EFT.
Now let us explain why it is convenient to O(a) improve Wilson fermions or use GW
fermions.
There are three kinds of operators that enter in eq. (3.84):
Operators that break chiral symmetry. Restricting to Nl = 2 for simplicity,
for Wilson fermions these operators are translated to:
• at O(a):
W0aTr [U + U
†] . (4.39)
This induces a modification of mq, m˜q = mq +O(a) that is automatically
accounted for if one follows the renormalization procedure described in
Section 3.9 for quark masses.
• at O(a2):
W45W0aTr [DµUDµU
†] Tr [U + U †]−W68W0aTr [χ†UχU †] Tr [U + U †]
−W ′68W0a2Tr [U + U †]2 +W10W0Tr [DµaDµU +DµU †Dµa]4 . (4.40)
We follow the convention of [73] for the Wi. These operators are not present
for Overlap fermions at any order (the Wi are zero), while for Wilson O(a)
improved the only surviving effect is related to W ′68.
Operators that break Euclidean (Lorentz) continuum symmetries, but do not
break chiral symmetry. These operators are there for any kind of lattice reg-
ularization. They could introduce new LECs in ChPT. However they start to
be relevant at NNNLO (in PGBs physics)5.
5This is not necessarily true if one does not use hypercubical lattices.
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Operators that do not break any continuum symmetry. These operators have
the same symmetries as QCD but are suppressed because they are high di-
mensional ones. The inclusion of these operators leads to a correction of O(a2)
to the pion decay constant:
· · ·+ a2Tr [DµFρσDµFρσ] + · · · → a2Tr [DµUDµU †] , (4.41)
and affects any regularization. In other words these are the operators that one
typically includes in minimal extensions of the Standard Model.
To sum up, as described by the chiral effective theory, the dependence on the lattice
spacing of lattice observables will be of three kinds:
analytic in a, due to the insertion of higher dimensional operators;
ln a, due to PGBs loops;
implicit, in the dependence the LECs have on g(a).
We explain now, in the framework of the effective theory, how the Aoki phase
is formed when a2Λ3QCD ∼ mq. To study the vacuum structure we can omit terms
with derivatives. At O(a2) the potential energy is:
VChPT = −c1
4
Tr [U + U †] +
c2
16













so that c1 ∼ c2. To find the vacuum state, we choose an explicit parametrization for
the SU(2) matrix U :
U = A1 + iσ ·B A2 + B2 = 1 , (4.43)
where the σi are the Pauli matrices, after which the potential can be rewritten as:
VChPT = −c1A+ c2A2 . (4.44)
In case c2 < 0 the minimum of the potential will be either at A = −1 or at A = 1 (and
consequently B = 0). The minimum will be invariant under vector transformations.
In case c2 > 0, depending on the value of c1, there may be a minimum with B 6= 0
that will break spontaneously the vectorial symmetry SU(2)V to U(1).
There is numerical evidence that this spontaneous breaking indeed happens [74]. As
a consequence 2 out of 3 pions are massless (in infinite volume) in the Aoki phase
and it is not possible to simulate massive QCD therein.
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4.7. HMChPT
We already argued that QCD simplifies in the static limit. The effects of pion
dynamics in the properties of static heavy-light mesons can be predicted in HMChPT
[12,13,75]. This section is devoted to explain how the HMChPT Lagrangian is built,
using the same procedures used for light mesons.
We adopt a covariant representation, where the degenerate pseudoscalar and
vector mesons are treated as a single field H which is usually labeled by the tetrav-







[−i(/P ∗)a − iP aγ5], (4.45)
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where P ∗ and P represent respectively the vector and the pseudoscalar mesons, and
P ∗ satisfies:
v · P ∗ = 0 . (4.47)
The tetravelocity v = (v0,v) satisfies the condition v
2 = −1; the rest frame corre-
sponds to v = (i,0). We use the conventional HQET normalization of the states
〈Hav |Hbv′〉 = 2v0(2pi)3δvv′δab, (4.48)
according to which H fields have mass dimension -3/2. For simplicity, we drop the
v label from here on.
The Euclidean Dirac matrices are chosen to be Hermitian,
γ†µ = γµ, γ5 = γ
†
5 = γ1γ2γ3γ0, (4.49)
and satisfy the anticommuting relations
{γµ, γν} = 2δµν . (4.50)
The projector (1− i/v)/2 in eq. (4.45), eq. (4.46) retains only the particle component
of the heavy quark.
In a theory with Nl light quarks, and when dealing only with PGBs, we have seen
that it is convenient to parametrise them with an SU(Nl) matrix, U = exp(2iξ/F )
which transforms like U → LUR†. When dealing with heavy-light mesons it is more
convenient to write the Lagrangian in terms of the field
√
U to avoid that the parity
transformation involves the pseudo-Goldstone boson field [12,13,75].
√
U transforms
6While the formulation in Minkowski space can be exhaustively found in the standard literature
(see e.g. [61,76]), we find useful to start from the beginning with the formulation in the Euclidean
space. Notice however that for v 6= 0 the Euclidean formulation is problematic [77, 78], and only
the case v = (i,0) will be considered.
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like
√
U → L√UW † or √U → W√UR†, where W is a complicated function of R,
L and the meson field ξ. Then H transforms as:
H → HW † . (4.51)
To write more easily a chiral invariant Lagrangian we build combinations of ξ, that






























), Aµ → WAµW † . (4.53)
Then, at leading order in 1/mQ, a Lagrangian that is both Lorentz and chiral in-
variant is:
LLOHMChPT = iTr[Havµ(∂µδab + iVbaµ )Hb]− igpiTr[HaHbγ5γνAbaν ]. (4.54)
The dynamics of the pseudo Nambu-Goldstone bosons is still given by the chiral
Lagrangian in eq. (4.13).
From the kinetic part of eq. (4.54) one can extract the P and P ∗ propagators. For
v = (i,0) we obtain
〈P a(x)P b†(y)〉 = δabV (x− y) (4.55)
〈P a∗µ (x)P b∗†ν (y)〉 = δabV (x− y)(δµν − δµ0δν0), (4.56)
where V (x− y) = 1
2
δ(x−y)θ(x0− y0). See App. D.1 for a more detailed discussion.
The term of the Lagrangian in eq. (4.54) proportional to gpi represents the interac-
tion of P , P ∗ with an odd number of pseudo-Goldstone bosons. In particular, by
expanding √
U = eiξ/F (4.57)
















at leading order in the 1/mQ expansion. Note that the PPξ coupling vanishes
because of parity. We adopt the convention
1230 = 1. (4.59)
There are several determinations of gpi on the lattice, in the quenched case [79–81]
and more recently in full QCD [82–84].
A number of operators can appear at next-to-leading order in the chiral expansion
[85], however, if we omit contact terms, the only ones relevant to us are:
δL(2)HMChPT = −2σ1Tr[HM˜H]− 2σ′1Tr[HH]Tr[M˜]. (4.60)
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The operator with the quantum numbers of the left current made of a heavy quark
and a light antiquark with flavor index l, with the minimum power of H fields









At leading order, the normalization constant a is related to the pseudoscalar meson




The vector meson decay constant is then given by
FP ∗ = MPFP , (4.64)
while for the masses one has MP ∗ = MP .
















that absorb the UV divergences.
Similarly, at leading order in the momentum/mass expansion, the operator repre-
senting the pseudoscalar density is














where a is the normalization factor defined in eq. (4.63).
4.8. Random Matrix Theory
We discuss now the relation between a statistical system made of random matri-
ces and QCD in the -regime. Among other things it allows to predict the probability
distribution of the Dirac eigenvalues, offering alternative ways to extract the LECs.
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and the W matrices have rectangular size N × (N + ν). The m˜is are dimensionless,
while V (D˜2) is a generic potential for now. The eigenvalues of D˜ are called λ˜i.
The above partition functional resembles the QCD one and one can show easily that
the eigenvalues of the matrix D˜, in analogy with the Dirac operator, occur in pairs
±λ˜ if λ˜ 6= 0 and there are ν zero eigenvalues (see eq. (3.104)).
A step further was made by Shuryak and Verbaarschot who showed [86–88] that the
zero mode partition function in the -regime, eq. (4.35), can be rewritten as a RMT
partition function like eq. (4.67) with Nl dimensionless parameters m˜l. To make this
statement precise we define a rescaled variable:
µ˜l ≡ 2Nm˜lρ˜(0) , (4.69)
where ρ˜(λ˜i) is the spectral density of the matrix D˜.
Then, at fixed topology ν and in limit m˜→ 0 taken at constant µ˜ it holds [86]:
Z(Nl)ν [{µ}] = Z˜ν |µ˜i=miΣV , (4.70)
up to an irrelevant, µ-independent, normalization. This limit of RMT is referred to
as the “microscopic limit” in the literature. This equality was demonstrated in [86]
for a Gaussian potential V (D˜2) = W †W and later it was discovered in [89] that it
holds for any potential V satisfying ρ˜(0) 6= 0 because in the limit N → ∞ all such
models fall in the same universality class and have the same low energy properties.
The condition ρ˜(0) 6= 0 is equivalent to the spontaneous breaking of chiral symmetry
in QCD.
That this is a necessary requirement becomes clear if we recall the Banks-Casher
relation [90,91] stating that the spectral density of the Dirac operator at zero, ρ(0),
is related to the condensate Σ:
〈0|ψψ|0〉 = −piρ(0) , (4.71)







〈δ(λ− λk)〉 . (4.72)
It is important to stress that the equality eq. (4.70) does not imply that the spectrum
of RMT and QCD coincide. In fact they are very different [86,88,89] and of course
the spectrum of RMT depends on the form of V (D˜2). The properties that can be
matched between QCD and RMT are those that are universal and must concern the
low-lying spectrum. Once again it is the condition ρ˜(0) 6= 0 that ensures that in the
vicinity of the origin the spectra are identical. In the m˜i → 0 limit at constant µ˜i,
N grows to infinity and so does the number of eigenvalues close to zero, if ρ˜(0) 6= 0.
The universal properties are related to these lowest eigenvalues, so both ρ(0) and
ρ˜(0) must be nonzero in the above specified limits. Note also that N plays the same
role as V in QCD.
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One first consequence of eq. (4.70) that has physical relevance, is that since the con-
densate at fixed topology is a functional derivative of Z(Nl)ν [{µ}], it can be obtained
from RMT.
Furthermore, many properties of the lowest eigenvalues of D˜ can be derived in the
framework of RMT, and the relation eq. (4.70) implies then analogous properties of
the spectrum of the Dirac operator in the -regime.
4.8.1. Microscopic spectral density
One quantity that can be calculated explicitely in RMT is the microscopic spec-
tral density ρν(ζ; {µ}) [86]. This quantity has also been calculated in ChPT [70]
from the Banks-Casher relation and the zero-mode partition functional defined in
eq. (4.35). Not surprisingly, the result is the same as that of RMT. For instance,









The equivalence can be extended to the joint probability distributions for N eigen-
values.
4.8.2. Probability distribution of individual eigenvalues
In analogy with eq. (4.69) we rescale the eigenvalues of D˜ and define:
ζi ≡ 2Nλ˜iρ˜(0) . (4.74)
The probability distribution associated to the k-th smallest microscopic eigenvalue
ζ, pνk(ζ; {µ}), is obtained starting from the joint probability distribution of the k-th
smallest eigenvalues ωνk(ζ1, . . . , ζk−1, ζ; {µ}) which is known in RMT [92, 93]. The







dζ2 . . .
∫ ζ
ζk−2
dζk−1ωνk(ζ1, . . . , ζk−1, ζ; {µ}), (4.75)
with 0 ≤ ζ1 ≤ · · · ≤ ζk−1 ≤ ζ. The explicit form of ωνk(ζ1, . . . , ζk−1, ζ; {µ}) is known
in the microscopic limit [92,93]. For instance, in the quenched case Nf = 0 one has










Z2(s(ζk, ζ1), s(ζk, ζ1), . . . , s(ζk, ζk−1), s(ζk, ζk−1)︸ ︷︷ ︸
2(k−1)






ζ2i − ζ2j , (4.77)
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and











(s2i − s2j), (4.80)
where Ii are modified Bessel functions. Note that when two arguments of Z2 coincide,
both numerator and denominator develop a zero, hence the appropriate limit has to
be taken. The coefficient W νk can be fixed such that the probability p
ν
k has a unit
normalization.
There is an interesting property, called flavor-topology duality, which manifests itself
at zero mass: pνk(ζ; {0}) depends on the number of dynamical flavours and the






As explained above, we can expect the matching of the expectation values of
the low-eigenvalues of the massless QCD Dirac operator, λk, with the predictions of
RMT by means of
〈ζk〉νRMT ({mΣV }) = ΣV 〈λk〉νQCD ({m}), (4.82)
at a fixed value of the sea quark masses {m}. In this matching we imply that the
QCD quark masses, the eigenvalues of the Dirac operator and the quark conden-
sate are properly renormalized. Notice that in the massless case, the prediction
for the ratio 〈ζk〉νRMT/〈ζl〉νRMT is parameter-free and can be compared directly with
〈λk〉νQCD/〈λl〉νQCD.
It is possible to show that probability distributions of single eigenvalues can be
defined also in the chiral effective theory by means of recursion relations involving
all the spectral correlators [94]. The clear advantage of RMT is that the probability
distributions are computable analytically in practice, while in the chiral effective
theory explicit expressions are missing. By assuming this equivalence holds for all
spectral correlators, it is then legitimate to expect that the probability distribution
of the individual eigenvalues is also the same. The expectation values of the low
eigenvalues of the massless QCD Dirac operator λk should then match the predic-
tions of the corresponding RMT.
All the relations we have mentioned are known for the full, the quenched and
the partially quenched theories. In this context it has been verified that some of the
results can be obtained with the Replica trick and agree both with the corresponding
ones obtained with RMT or the supersymmetric method, which provides a very non
trivial check, at the nonperturbative level, of the correctness of the results and of
the methods [95,96].
As an example in Table 4.1, we show the RMT predictions for the ratios in the
case of Nf = 0 that we will use in our numerical analysis.
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ν1 ν2 k/l RMT
0 0 2/1 2.70
0 0 3/1 4.46
0 0 4/1 6.22
0 0 3/2 1.65
0 0 4/2 2.30
0 0 4/3 1.40
1 1 2/1 2.02
1 1 3/1 3.03
1 1 4/1 4.04
1 1 3/2 1.50
1 1 4/2 2.00
1 1 4/3 1.33
2 2 2/1 1.76
2 2 3/1 2.50
2 2 4/1 3.23
2 2 3/2 1.42
2 2 4/2 1.83
2 2 4/3 1.29
1 0 1/1 1.75
1 0 2/2 1.31
1 0 3/3 1.19
1 0 4/4 1.14
2 0 1/1 2.45
2 0 2/2 1.59
2 0 3/3 1.37
2 0 4/4 1.27
2 1 1/1 1.40
2 1 2/2 1.22
2 1 3/3 1.15
2 1 4/4 1.12
Table 4.1: qRMT predictions for the eingevalue ratios 〈λk〉ν1/〈λl〉ν2 .
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Chapter 5
Left-current correlators in the
mixed regime
Now that we have reviewed the basic techniques to be used when performing
finite volume calculations in the framework of ChPT, we finally turn to explain
our proposal to determine the LECs from the matching between ChPT and Lattice
QCD. This matching can only be carried out reliably close to the chiral limit, and
this is often a limitation for lattice simulations, because their cost increases very
significantly with decreasing quark masses and increasing volumes.
Even though there has been important algorithmic progress in recent years, it
seems quite difficult to reach the range of the u and d quark masses, at least within
the p-regime, i.e. satisfying the condition MpiL 1.
The -regime [15, 16] has been advocated [97–108] as an alternative to perform
the matching, which a priori could be more economic in the sense that the quark
masses can be taken to zero without increasing the box-size proportionally, since in
this regime MpiL ≤ 1. Finite-size effects are large in this situation, but they are
calculable within the Chiral Effective Theory in terms of the infinite-volume low-
energy constants [109, 110]. Even though the truly chiral regime requires that the
volume is scaled to infinity eventually, not just the quark mass to zero, the scaling
with the volume at zero quark mass is more universal in the sense that it involves
less low-energy couplings, since most of the operators that appear at higher orders
in Chiral Perturbation Theory (ChPT) include explicit powers of the quark mass.
In particular it can be shown that in the -regime only the leading order couplings
F and Σ appear in two-point functions1 at next-to-leading order (NLO) of ChPT.
This opens up the possibility of extracting some of these low-energy constants from
lattice QCD in new ways [15,51].
A number of correlation functions have been computed to NLO in the -regime
of ChPT. The two-point functions of scalar, pseudoscalar, vector and axial-vector
correlators were presented in [109, 110]. In [72, 111, 112] the same correlators were
computed in quenched ChPT and also in the full theory, but in a fixed topologi-
cal sector [51]. Three-point functions relevant for determining the weak low-energy
1Up to contact terms.
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couplings were first presented in [113–115] both for the full and quenched theories.
The -regime has also been recently applied to the study of baryon properties [116].
Some of these studies have led to determinations of the leading order low-energy
coefficients Σ and F 2 at various sectors of fixed topology in quenched lattice sim-
ulations (see, e.g., [118, 119]), as well as the low-energy couplings of the ∆S = 1
Hamiltonian from three-point functions [107, 120]. Difficulties associated with the
quenched approximation have been discussed in [72, 111]. Recently, several groups
have successfully extended this to full QCD in or close to the -regime [121, 122].
This has been done both on the basis of Dirac operator eigenvalues and space-time
correlation functions [123,124].
In many of these computations quark masses were taken degenerate. We present
in this chapter results to analyze situations in which the quark masses are non
degenerate, working out in detail the case in which some quark masses are in the 
and some others are in the p-regime.
We start to consider the case with Nh heavier quarks with common mass mh and
Nl light quarks with common mass ml for clarity. At this point one could imagine
having three different situations:
mh/lΣV  1 : all quarks are in the p-regime.
mh/lΣV  1: all quarks are in the -regime.
mlΣV ≤ 1, mhΣV  1: some quarks are in the  and some in the p regime.
The explicit Nl and Nh dependences will be shown in such a way that the partial
quenching of the l or h quarks can be easily done via the replica method [71].
A typical situation to apply these results could be u and d quarks so light that
the physical pions are in the -regime, but the strange quark mass is such that
the physical kaons are in the p-regime. Further possibilities open up when one
considers partially quenched theories. In those cases one can imagine situations
in which all physical u, d and s quarks are in the p-regime, while valence quarks
corresponding to all or some of these are taken closer to the chiral limit, and thus
end up in the -regime. Such situations can be realized in the context of mixed-
action [125, 126] lattice simulations where dynamical configurations are generated
with physical quarks that are in the p-regime and can be well treated by, say, ordinary
Wilson fermion actions. Valence quarks, which are taken to the chiral limit, could
then be of, say, overlap type. Another situation could be the use of overlap quarks
that are all or partly in the p-regime, while also overlap valence quarks are taken to
the -regime. It is our belief that all these possibilities must be and will be explored
in future lattice gauge theory studies.
The aim of this chapter is to put in evidence the peculiarities of the various
regimes as well as those arising because of quenching. In section 5.1, we present the
results for the current correlator in the full theory, in the p,  and mixed regimes. In
5.2 we present the results for the partially-quenched theory, where the l quarks are
2See, e.g. ref. [117] for a recent summary of results.
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quenched, also in the three regimes. Although the  and p regime results could have
been obtained from earlier literature, we include them for completeness. The mixed-
regime on the other hand involved a new method to separate the perturbative and
non-perturbative modes, that will be discussed in detail. Details about intermediate
steps are put in appendices and rely mostly on calculations presented before in
[17,72,109,110,112].
5.1. Full Theory Results
We start by considering an SU(Nh + Nl) Yang-Mills theory with Nh flavours
with masses mh and Nl flavours with masses ml. We will consider external sources
that have non-zero elements only in the SU(Nl) flavor subgroup.
We calculate the left correlator, that can be used to measure F and is also sensitive
to the NLO couplings L4, L5, L6 and L8. The numerical advantages of such correlator
have been discussed in [127].
The two-point correlation function between the left-handed currents, averaged over
the spatial volume, now reads:




J a0 (x)J b0 (0)
〉
, (5.1)
where the currents were defined in eq. (4.17).
5.1.1. The p-regime
In a box of spatial size, L, the power-counting rules if all the quarks are in the
p-regime are
mh ∼ ml ∼ p2 ∼ 1
L2
, (5.2)
where the momentum, p, is assumed a small quantity compared to the cutoff of the
theory p Λχ ' 4piF . The temporal extent, T , can in principle be small or large,
as long as T & 1/(4piF ). The mass of a PGB made out of quarks q and q′ is then






It follows from these assignments that the Goldstone field ξ, defined through U =
exp(2iξ/F ), behaves effectively as a small quantity, and can be expanded in. Here
we have also set θ = 0, as is usually done in the p-regime.
To keep explicit the dependence on Nl and Nh it is convenient to work in the quark
basis. The techniques to be used to derive the propagator and perform the space
integrations are explained respectively in Appendices B and C.
The result for the left-current correlation function in the p-regime at NLO, after
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where
F 2NLO = F










































that is the same as at LO. The NLO effects can be absorbed in a rescaling of the
decay constant and pseudoscalar mass squared by 1 + ∆F and 1 + ∆M respectively,
up to the constant finite-volume corrections of the last two terms in eq. (5.4).


























The result for G(0,M) in the MS scheme is given in eq. (B.16), while E(0,M,M ′)
can be written as a linear combination of various G(0,M). The UV divergences can
be reabsorbed by the renormalization of the Li [59] in the MS scheme as







L5 → L5 + 2Nλ(µ), L8 → L8 + 1
N










(ln(4pi) + Γ′(1) + 1)
]
. (5.13)
These results agree with those obtained by Gasser and Leutwyler in infinite volume
[59] and finite volume [15] when restricted to the case Nl = 2 and Nh = 1. Finite
volume corrections to F and Σ have been also obtained to two-loops [128, 129].
In the limit in which mh → ml, we of course recover the degenerate mass result
of [113–115].
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5.1.2. The -regime
We consider now the case where all quark masses satisfy mh/lΣV ≤ 1. The
power-counting appropriate for this case is
mh ∼ ml ∼ 1
L4
∼ 4. (5.14)
In the -regime observables scale non trivially with topology so that one has to
reintroduce the vacuum angle as we explained above eq. (4.33). The results for the
correlator obtained in a θ-vacuum in [109,110] and in a fixed-topology in [72,112,115]























where xˆ0 = x0/T , V = L
3T and {µ} = {µl, . . . , µl, µh, . . . , µh}. The quantities β1
and k00 are shape coefficients that depend on T/L and are defined in eqs. (B.19)
and (B.22) respectively. The temporal dependence is a NLO effect and comes in
via de function h1(xˆ0) defined in eq. (C.2). As anticipated the dependence on the
Li disappears at NLO in the -regime.


















[MU + U †M]) , (5.16)
where µl ≡ mlΣV . Note that the vacuum angle phase has been reabsorbed in the
pion field which caused the domain of integration to be extended from SU(N) to
U(N).
The integral of eq. (5.16)) for non-degenerate quark masses can be written in











where Z(N)ν was defined in eq. (4.35) and is known in terms of modified Bessel









j − µ2i )
. (5.18)
As a useful example we consider the case with Nl = 2 and Nh = 1, corresponding












[µlIν+1(µl)Iν(µh)− µhIν(µl)Iν+1(µh)] , (5.19)










Another interesting case is that of Nl = 2 and Nh = 0, corresponding to 2 flavor














µl [Iν(µl)2 − Iν+1(µl)Iν−1(µl)] . (5.22)
5.1.3. The mixed-regime
Now we turn to the most complicated case of the mixed regime. In this case, some
quarks are in the  and some in the p regime, and therefore a different factorization
of zero and non-zero modes is needed. As in the previous sections we start by
considering the full theory case with the l and h quarks both unquenched.
The appropriate power-counting for this regime is
ml ∼ 4, mh ∼ p2 ∼ 1
L2
∼ 2. (5.23)
The expansion of the Chiral Lagrangian of eq. (4.10) in the ξ field
ξ = T aξa, (5.24)
shows that the PGBs corresponding to the generators of the subgroup SU(Nl) have
a squared mass M2ll of order ml ∼ 4 while the remaining ones have a squared mass
of order mh ∼ 2. For the SU(Nl) PGBs, the zero mode contribution to the finite
volume propagator, 1/(M2llV ) is therefore of order one, so that these modes must be
treated non perturbatively. The same conclusion can be drawn by looking at the p-
regime propagator eq. (B.3). A convenient factorization to treat the zero-momentum












where 1h is the projector to the h sector and U0 ∈ SU(Nl). The perturbative fields
ξ satisfy ∫
d4x Tr [T aξ] = 0, (5.26)
5.1 Full Theory Results 83

























The LO Chiral Lagrangian after using the parametrization of eq. (5.25) and expand-
ing in ξ ∼  gives
LLOChPT = Tr [∂µξ∂µξ]−
2Σ
F 2




1lM1lU¯0 + U¯ †01lM1l
]
. . (5.28)
Two observations are in order. First, as in the  regime there is factorization of the
zero-modes and the perturbative ones. Second the propagator for the perturbative







δlclbδldlaG¯(x− y; 0)− δlclaδldlb
(





































δhchbδhdhaG(x− y;Mhcha)− δhchaδhdhbE¯(x− y;Mhchc ,Mhdhd)
]
,













(p2 +M2)(p2 +M ′2)F (p)
, (5.31)





while F (p) was defined in eq. (5.11).
This propagator justifies the power-counting ξ ∼ .
If the topology is fixed so that θ is integrated over, the path integral at LO in
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where the term J(ξ) = 1 +O(2) is the Jacobian that comes about from the change
in the measure when moving from [dU ] to [dU¯0][dξ] and contributes at NLO, as in
the -regime. We describe the computation of this measure term in Appendix A.
Here we will be working at NLO in the perturbative expansion and therefore we
need LNLOChPT . Substituting eq. (5.25) in LNLOChPT , eq. (5.64) and expanding LLOChPT a






































+ . . . (5.34)
where the ellipses indicate terms of the same order that involve only ξhl or ξhh and do
not contribute to the observables where valence quarks are only in the light sector,
as we will be considering in this and the following Chapter.
Performing the contractions over the ξ field, at NLO, that is at relative order 2,







































5.1.4. Decoupling of the h quarks
It is useful to rewrite the result of eq. (5.35) in a way which is almost identical
to the result in the -regime for a full theory with Nl degenerate flavours but with
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and we have written G(0,M) = GV (0,M) +G∞(0,M) where the second term is the
pion propagator in infinite volume. The only difference between this expression and
that of the full theory with Nl degenerate quarks are the finite volume effects in the
second line, that are exponentially suppressed in MhhL.
It is easy to understand these results: the h quarks in the mixed-regime con-
tribute as decoupling particles, because the mixed regime probes much lower energy
scales than Mhh, since the l quarks are much lighter and the size of the box is also
much larger than the Compton wavelength of the heavy pions:
M2ll ≤ L−2 ≤M2hh  (4piF )2. (5.40)
In this situation one can integrate out the mh quark within the effective theory
[59,131,132]. According to general symmetry arguments we expect that the theory
in this limit can be matched to a theory with SU(Nl) flavor symmetry. The effects
of the heavy particles can be absorbed in the low-energy couplings of the resulting
effective theory. Since all the l quarks are degenerate in mass, the result for the
correlator should be identical to that of eq. (5.49) with mh = ml and Nh +Nl → Nl
which is precisely what we have found, apart from exponentially suppressed finite
volume effects. In fact the result for the renormalized coupling, F˜ 2, with Nh = 1
coincides with that obtained in [59] where the matching of the SU(3) and SU(2)
flavor effective theories for large strange quark mass was first considered.
Another observation is that also within the p-regime we can consider a separation
of scales L−2 ≤M2ll M2hh. A similar factorization would then be possible for cor-
relators involving only l quarks as external legs, and up to exponentially suppressed
terms in MhhL. The result can be written as the correlator in the p-regime for Nl
























which also coincides with the result of [59]. In Figures 5.1 we show F˜ and Σ˜ as
functions of M2hh/F
2.
The reason that Σ˜ does not appear in the mixed-regime of eq. (5.35)) is because
Σ appears there only at NLO and therefore any correction to it, would be of higher
order.
It is important to stress however that the decoupling only works in a finite volume
up to exponentially suppressed corrections in MhhL, since there is no way to predict
these finite volume corrections within the effective theory after the h quarks are
integrated out.
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Figure 5.1: Dependence of the effective couplings F˜ 2 (left) and Σ˜ (right) in a theory




F = 90 MeV. The two lines correspond to the extreme values of L4, L6 obtained in
the phenomenological determinations reviewed in [133].
5.2. Partially-quenched Theory
We will now consider a partially-quenched theory in which there are Nl quenched
valence quarks of mass ml and Nh sea quarks of mass mh. Note that we consider
the generators appearing in the left-currents belong to the valence subgroup. To
get the partially quenched result we will use the replica method [71] in which Nl is
taken to zero at the end of the calculation 3.
Concerning the replica limit of the non perturbative zero mode integrals, they
can be obtained from functional derivatives of the following partition functional for
Nv valence quarks and Ns sea quarks [134–136]:







(µ2j − µ2i )
∏
j>i=Nv+1,..,2Nv+Ns





(−1)νKν(xi) i = 1, .., Nv
Iν(xi) i = Nv + 1, ..., 2Nv +Ns
(5.44)
In eq. (5.43):
µi = µb, i = 1, .., Nv;
µi = µv, i = Nv + 1, ..., 2Nv
µi = µs, i = 2Nv + 1, ..., 2Nv +Ns .
3This method needs some small modifications to be applied to the computation of singlet
correlators where a trace over valence flavours appears [112].
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Functional derivatives will be taken with respect to µv. Afterwards the limit µb → µv
is taken. The choice of Nv is determined by the number of flavors that appear in
the external source. Ns will be equal to the number of sea quarks in the -regime
(Ns = Nh in the -regime, Ns = 0 in the mixed-regime).
5.2.1. p-regime
In the p-regime, as long as Nh 6= 0, the replica limit can be taken and coincides
with the result obtained using the supersymmetric method [19, 69, 137]. The ξ
propagator is that of eq. (B.3)) with Nl → 0.
























hh(L4 − 2L6) +M2ll(L5 − 2L8)
)
.(5.46)
In the limit mh → ml, the full theory result for Nh degenerate flavours is recovered.
Results for the meson masses and decay constants at NNLO have been recently
obtained [138].
It is important to realize that in the partially-quenched theory, the full set of
O(p4) couplings need to be used. The reduction of independent couplings in the full
theory with N = 2 or N = 3 only takes place in the unquenched limit, ie. ml → mh.
In particular this implies that for Nh = 2, the partially-quenched predictions involve
more couplings than those that are physical in the unquenched limit. Obviously
these couplings cannot be determined from phenomenology (not even in principle)
and need to be determined on the lattice.
An interesting observation is that the partially-quenched correction to the meson
mass ∆PQM has no logarithm in the sea-quark mass, just in the valence quark. If
valence quarks masses could be simulated in the light regime, for example using
Ginsparg-Wilson fermion regularizations [25,26,139], and only the sea quark masses
would be kept unphysically large, the mh dependence of the meson mass would
be strictly linear at this order of the chiral expansion. In the case of the decay
constant the logarithm remains but with a smaller coefficient. These features are
shown in Figure 5.2 where we show the dependence of the meson mass and decay
constant with the sea-quark mass for a value of the valence quark mass of 5 MeV
for Nh = 2. This is compared with the mh = ml dependence in the full theory case,
for Nh +Nl = 2. In order to recover the fully-quenched case Nh → 0, it is necessary
to keep the singlet meson in the theory. When the singlet with a mass m20 is kept
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Figure 5.2: Chiral correction of F 2 (left) and Σ (right) as a function of mh, with
Mll = Mpi = 135MeV in the partially-quenched Nh = 2 theory (dashed line), or
of mh = ml in the full case with Nh + Nl = 2 (solid line), in a lattice of 5 fm.
The values of the low-energy couplings have been chosen as the central values in
the phenomenological determinations of [59, 133]: L4(Mρ) = −0.3 · 10−3, L5(Mρ) =
1.4 · 10−3,L8(Mρ) = 0.9 · 10−3 and L6(Mρ) = −0.2 · 10−3 with F = 90 MeV.
with












which is well-defined for Nh = Nl = 0. Note that as long as either Nh or Nl are
different from zero, the limit m20 → ∞ can be safely taken. The results for the
two-point function in this limit agree with those obtained in [113–115].
5.2.2. -regime
































Let us consider two simple examples.
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Example 1: Nl = 1, Nh = 1 It is easy to check that the partition functional is
that of a one flavor theory:
ZPQ(1,2)ν ({µ}) = Iν(µh), (5.51)





















is the quenched quark condensate in the -regime at LO [70,140]:
ΣFQν (µ)
Σ
≡ µ [Iν(µ)Kν(µ) + Iν+1(µ)Kν−1(µ)] + ν
µ
. (5.53)












and the full theory with just one flavor Nh = 1 is obtained when the valence and









We remark that this last result is a non-perturbative test of Sharpe and Shoresh
conjecture that the full theory with Nh flavours can be smoothly obtained from the
partially-quenched approximation with Nh sea and Nl valence quarks.
Example 2: Nl = 1, Nh = 2
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As in the previous example one can explicitly check that in the limit µh → ∞ one
recovers the quenched limit, while in the limit µh → µl one recovers the full theory
with N = 2 degenerate quarks.
The partially-quenched result then interpolates between the quenched and the







is shown for the partially quenched case as a function
of µh and compared with full N = 2 (µh = µl) and quenched results. On the right
figure the µl dependence of the condensate for two topological sectors is shown and
compared with the quenched and full theory, setting µh = 1.




























as a function of µh ≡ mhΣV for µl ≡
mlΣV = 1. The star and the dot correspond to the quenched and the full result
respectively at the same µl. Right: The same function as a function of µl for µh = 1
for topology ν = 1 (solid), compared with the quenched function (dotted) and the
full (0, 2) (dashed).
5.2.3. Mixed-regime
Both in the p and  regimes we could obtained the partially-quenched result
from the full one with Nh +Nl quarks by taking the limit Nl → 0 at the end of the
calculation. While for the current correlator the limit seems to be well-defined and
indeed is the right answer, in other correlation functions such as the pseudoscalar
correlator, it is not evident from the beginning that the limit can be taken. It is easy
to see this simply by looking at the ξ propagators of eq. (5.29). In the partially-
quenched theory the mixed-regime propagator is the same but with Nl → 0. In
the Nl → 0 limit, the zero-momentum mode contributions in the first and third
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equations diverge. This is exactly what happens in the quenched case if the singlet
field is not kept in the effective theory [19,69,137].
In the partially-quenched case, the U(Nh+Nl) singlet can be integrated out and
this is true no matter whether we are in the p,  or mixed regimes. However, what
plays the role here of the non-decoupling singlet is the traceless generator of the


















In the mixed-regime not only the SU(Nl) generators become massless in the limit
ml → 0; in the limit Nl → 0, also the pion associated with the η field gets massless.

















and therefore becomes massless if Nl → 0 and its zero-mode contribution diverges.
Note that in the full case this is always a massive mode, since the mass goes with
the largest mass gap.
The way out of this problem is to modify the factorization in such a way that
the zero-momentum mode of the η field is also treated non-perturbatively. Note
that Tη looks ill-defined when Nl = 0 but keeping Nl finite until the very end of the
calculation, one sees that the replica limit Nl → 0 can be safely taken. So instead





















where we have defined
η¯ ≡ η − θ
2
θ¯ ≡ η + θ
2
(5.62)
and U¯0 ∈ U(Nl) with det U¯0 = eiθ¯ det(U0) = eiθ¯. The ξ fields contain the non-
zero modes corresponding to all Nambu-Goldstone fields, and also all zero modes of




d4xTr [Tηξ(x)] = 0, (5.63)
where Ta is a generator of the subgroup SU(Nl). Note that the zero-mode of the Tη
generator is not included in the ξ field (it is projected out by the second constraint
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in eq. (5.63)), and included explicitly in the last term of eq. (5.61).

















where as in the standard -regime, the projection on fixed topology results in the
enlargement of the zero-mode integration from SU(Nl) to U(Nl). J(ξ) was calcu-
lated in detail in Appendix A: see eq. (A.19).
Concerning the integration over the variable η¯, we can perform a saddle-point ap-
proximation following the derivation of [17]. The leading-order Lagrangian is found
to be:

























This quadratic form implies also a power-counting of η¯ ∼ . According to this rule,
the last term in eq. (5.64) could be treated as a perturbation. This is true as long as
ν ∼ O(0), as is usually the case in the -regime. However, in the partially-quenched
case Nl = 0, the distribution of topological charge is controlled by the heavy quarks



































a scaling that makes the last term in eq. (5.64) of O(4), and therefore of leading-
order. In order to recover the results at θ = 0 by averaging over topology, it is there-
fore necessary to keep the last term in eq. (5.64) in the leading-order Lagrangian, or
equivalently assume that ν ∼ −1. This is not necessary however as long as Nl > 0,
since the distribution of topological charge in that case is controlled by the light
quarks.
To treat both PQ and full theories on the same footing we keep the last addend in

























δlalbδhahbE¯ (x− y, 0,Mhaha) ,
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It is easy to check that the propagator is now well-defined in the limit Nl → 0. The
singlet part of the propagator of the l modes in eq. (5.67)) has a double pole structure
as in the quenched case eq. (5.47), but instead of the singlet mass, what appears in
the numerator is the heavy mass gap, M2hh. This double pole is a non-decoupling
effect that only appears because the theory is partially-quenched.





















As an effect of unitarity violation double-poles may appear in observables in quenched
theories [19]. They do not show up here because this observable is not sensitive to
them at NLO.
The decoupling of the h quarks is not possible in the partially-quenched case,
because the η field remains light. However, we expect that we should be able to
integrate out the scale associated to Mhh and match the result to a quenched effective
theory. Provided Mhh  4piF , this integration can be done perturbatively. The
quenched Chiral Lagrangian contains additional couplings besides F and Σ: m20 and
α in the standard notation (a mass of the η field and a kinetic term). The tree-level
matching of m20 and α can be easily read from the propagator of eq. (B.3)). The
expected p-regime propagator in a quenched theory with Nl valence quarks would







δcbδdaG˜(x− y;M2ab)− δcaδdbE˜(x− y;M2aa,M2cc)
]
, (5.71)
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Meson correlators in the
mixed-regime
In this chapter, we apply the method explained in the previous one to calculate
various meson correlators in the mixed regime of ChPT where Nl light quarks are in
the -regime while Nh = N−Nl relatively heavy quarks are in the standard p-regime.
We work in the most general hypothesis of non degenerate heavy and light quark
masses and compute two-point functions of the light sector, for the pseudoscalar,
scalar, axial, vector channels. They can be used to extract the leading low-energy
constants Σ and F . Because we work at next-to-leading order, there is also explicit
dependence on some of the Li’s. In principle these low-energy constants can be
determined from fits to varying quark masses in the heavier sector, as will become
clear below.
The pseudoscalar and scalar channels for the disconnected diagrams are also given.
We easily extend our results to the partially (and fully) quenched theory by applying
the replica method. We have verified that our formulae reduce to all previously de-
rived limiting cases of both the degenerate N -flavor theories and the fully quenched
theory. There are new isospin-breaking effects when the u and d quark masses are
split, and the existence of these terms can be used to extract additional information
from the correlators.
The results have been derived by using also a new perturbative approach which has
the advantage that it provides a smooth interpolation between the -regime and the
p-regime. In that formalism one easily sees how the matching between the mixed
regime and the standard -regime occurs. The two methods should agree to all or-
ders, and we have checked explicitly that they do agree at least up next-to-leading
order in the mixed-regime power counting.
The results for the two-point functions at next-to-leading order are presented in
Section 6.1. The alternative new approach is also briefly described there. The calcu-
lations are completed in Section 6.2 by explicitly performing the zero-mode integrals
for the full, the partially quenched, and the fully quenched theories. In Section 6.3,
we give an explicit example for N = 2 + 1 theory presenting the pseudoscalar and
axial vector correlators.
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Figure 6.1: Diagrams contributing to the scalar and pseudoscalar connected corre-
lators. The lines are ξ propagators. Squares indicate the scalar and pseudoscalar
operators. The filled dots indicate a mass insertion from the Lagrangian. Empty
dots indicate the insertion of an operator coming from the NLO Lagrangian, and
they are also labeled with the subindex of the associated coupling constant, Li.
6.1. Two-point correlation functions
We consider the same power counting as in eq. (5.23), but we allow non degen-
erate diagonal matrices both in the light and in the heavy sector:
Ml ≡ 1lM1l Mh ≡ 1hM1h, (6.1)
where 1l,1h are projectors on the light and heavier sectors respectively.
Here we will be working at next-to-leading order in the perturbative expansion






































+ . . . (6.2)
where the ellipses indicate terms of the same order that involve only ξhl or ξhh and do
not contribute to the observables where valence quarks are only in the light sector,
as we will be considering in this Chapter.
We use indices v and v′ in order to specify the valence sector which we always
take to be in the -regime.
In Figures 6.1 and 6.2 we show the Feynman diagrams resulting from the ξ
integration that contribute to the current and scalar propagators at next-to-leading
order in the -expansion. The scalar correlators start at O(0), while the first contri-
bution to the currents is O(2). Note that disconnected diagrams contribute because
they are connected through the zero-mode integrations. We also assume here that
the operators are separated from each other and the usual contact terms are not
included.
For the practical purpose of comparing to lattice QCD simulations, we will
present results for charged pion correlators, with the zero-momentum projection
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Figure 6.2: Diagrams contributing to the vector and axial correlators. The lines
are ξ propagators. Squares indicate the vector or axial vector operators. The filled
dots indicate a mass insertion. A cross indicate a contribution from the Jacobian.
Empty dots indicate the insertion of an operator coming from the NLO Lagrangian,
and they are also labeled with the subindex of the associated coupling constant, Li.






























0 (0) + V
v′v
0 (0))〉U,ξ, (6.6)
where we assume v 6= v′.
We also present the “disconnected” contributions for the scalar and pseudoscalars,
Pdvv′(x0) ≡
∫




which are useful to estimate the finite size contributions from the chiral fields to the
η′ meson correlators.
To simplify the temporal dependence of our expressions, let us define
r(x0) ≡
∫
d3x E¯(x, 0, 0) , (6.9)
that still depends on the Nh heavier quark masses. In this work, one encounters
E¯(x,M1,M2) with M1 = M2 = 0 only, both in full and partially quenched theory
1.
1The fully quenched case needs special care; it will be discussed later.
98 Meson correlators in the mixed-regime
In the full theory, E¯(x, 0, 0) can in principle be rewritten in terms of G¯’s, as one
would have expected on general grounds. In the case of Nl = 2 and Nh = 1, which
is the phenomenologically most interesting case, for example,





















But we keep using the notation of E¯(x, 0, 0) for simplicity in both the general case
with Nl +Nh flavors and the partially quenched case, where a double pole appears.
In the appendix C, we list how to perform the zero-momentum projection of































µl ≡ mlΣV, (6.13)








































and their disconnected correlators are given by
































The K functions represent the zero-mode integrals over U(Nl) and they depend





〈(Uvv′ + Uv′v ± U †v′v ± U †vv′)2〉U(Nl), (6.18)
K1(Nl)± ({µl}) = 1±
1
2
〈UvvUv′v′ + U †vvU †v′v′〉U(Nl) ±
1
4




〈(Uvv ± U †vv)(Uv′v′ ± U †v′v′)〉U(Nl), (6.20)
K3(Nl)({µl}) = 1
4
〈Uvv′Uv′v + U †v′vU †vv′)〉U(Nl), (6.21)
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The label []NLO implies that the integral must be computed with Σeff instead of Σ.
We will present the explicit results for these integrals in Section 6.2.







































































〈Uvv + U †vv〉U(Nl), (6.25)
J 0(Nl)± ({µl}) ≡ 1±
〈Uvv′U †vv′ + UvvU †v′v′ + h.c.〉U(Nl)
2
, (6.26)





vv(UMlU)v′v′ + U †vv′(UMlU)vv′ + h.c.〉U(N)
2
)
± (v ↔ v′)
(6.27)
We stress that all the heavier mass dependence is explicit in the results of eqs. (6.14)-
(6.15), (6.16)-(6.17) and (6.23)-(6.24) since the zero-mode integrals involve the light
sector only. These results agree with those obtained for the special case of the left-
handed current two-point function in the previous chapter.
Also in this case the dependence on the heavier quark masses is as expected according
to the decoupling theorem. Indeed, up to exponentially suppressed finite-volume
corrections in MhhL, the correlators above coincide with those in the -regime for
Nl light quarks as if there were no heavier quarks whatsoever. The only remnant of
the heavier quarks is seen in the modified low-energy couplings Σ and F , i.e. by the
terms that depend on Mhh in Σeff and Feff . This is as usual in chiral perturbation
theory.
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6.1.1. An alternative mixed-regime expansion
As a check on our results, we have performed the same calculation by means of an
alternative method where the parametrization of fields is as in the standard -regime.
The counting rule we use, however, is the same as the one in the standard p-regime
for the heavy flavors. All zero modes in the full SU(N) group are then treated
non-perturbatively. Such a parametrization has the advantage that the matching to
the  regime is smooth by construction.
The result of this alternative scheme leads to definitions of Σeff and Feff which
are identical to eq. (6.11) and eq. (6.12) except for the replacements G → G¯ and
G → G¯. Similarly, all other results presented above are reproduced with the only
difference that now all zero-mode integrals are performed over the whole U(N) group
and therefore depend on all the quark masses, including the heavier ones.
In contrast to the results presented in eqs. (6.14)-(6.17) and eqs. (6.23)-(6.24), in
this alternative approach one can take the limit Mhh → 0 smoothly. The results then
coincide with those fully in the -regime. Indeed, our results in that limit agree with
partially quenched scalar and pseudoscalar correlators for non-degenerate masses
that can be found in [141].
The reason that the matching limit is smooth in this parametrization is because
the zero-momentum modes of the massive mesons are resummed, while in the ex-
pansion of Section 5.1.3, they are treated perturbatively. The two results should
therefore coincide when the zero-mode integrals of the U(N)-theory are expanded
to the appropriate order in 1/µh ∼ O(2). In the next section we will show that
this is indeed the case. This provides a rather non-trivial consistency check on our
results, and it confirms that the expected matching between  and mixed regimes
actually holds.
6.2. Non-perturbative zero-mode integrals
In this section, we complete the calculations of the correlators by giving explicitly
the zero-mode integrals defined in eqs. (6.18)-(6.21) and eqs. (6.25)-(6.27), in the
full unquenched, the partially quenched, and the fully quenched theories. Here we
present the results of general partially quenched calculations. As we have explained
in Sections 3.8 and 4.5, the results for the full theory can be viewed as special cases,
obtained by equating the valence quark masses to those of the sea quarks. The
essential ingredient is the functional we defined in eq. (5.43).
In this context, where we are only considering the mixed regime Ns = Nl that is the
number of sea quarks in the -regime and Nv as usual will be chosen appropriately
depending on the integral. In mesonic two-point functions, we need Nv = 2 at most.
From this functional, by taking appropriate derivatives with respect to some of
the µbi , one can derive all the required integrals, both in the full as in the partially-
quenched limits. The technical steps of our calculation have followed those of Ref.
[141] and in this section we simply show the final results. Details of how this can
be used to compute all relevant group integrals are presented in Appendix E. An
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important relation can be derived from Ward-Takahashi identities (see Appendix F)
that holds for the full, partially-quenched and quenched cases:
J 1(Nl)± = 2(mv ±mv′)(S(Nl)v ± S(Nl)v′ )∓
2Nl
ΣV
(J 0(Nl)+ − J 0(Nl)− ). (6.28)







lnZ1,1+Nlν (µb|µv, {µs}), (6.29)
DPQν (µv1, µv2, {µs}) ≡
lim
µb1→µv1,µb2→µv2
∂µv1∂µv2Z2,2+Nlν (µb1, µb2|µv1, µv2, {µs})
ZNlν ({µs})
. (6.30)
where the sea quark mass dependence is denoted by {µs} = {µl1 , ...., µlNl}.
Let us also give their analogous expressions in the unquenched theory (we need
















DPQν (µv1, µv2, {µs}),
(6.32)
















With the above expressions, one can calculate all the non-perturbative integrals
we need to evaluate J± etc. Further details can be found in Appendix E.
Full (unquenched) theory We start by listing the results for the full (un-
quenched) theory, where the valence masses are equal to those of the sea quarks
(mv = ml and mv′ = ml′):




102 Meson correlators in the mixed-regime












K1(Nl)± (µl, µl′ , {µs}) = 1±
(





K2(Nl)+ (µl, µl′ , {µs}) = Dfullν (µl, µl′ , {µs}), (6.38)
















J 0(Nl)± (µl, µl′ , {µs}) = 1±
(

















J 0(Nl)+ − J 0(Nl)−
)
, (6.42)
where {µs} = {µl1 , µl2 , · · ·µlNl}.
Partially quenched theory (Nl 6= 0) The partially quenched results where the
valence masses are different from the sea quark masses, are obtained analogously for
the case Nl 6= 0,
















K1(Nl)± (µv, µv′ , {µs}) = 1±
(





K2(Nl)+ (µv, µv′ , {µs}) = DPQν (µv, µv′ , {µs}), (6.46)
















J 0(Nl)± (µv, µv′ , {µs}) = 1±
(
















(J 0+ − J 0−) . (6.50)
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Partially quenched theory (Nl = 0) In the case with Nl = 0, one needs the









































J 0(0)+ (µv, µv′) = 2, J 0(0)− (µv, µv′) = 0. (6.56)










Fully quenched theory (Nl = Nh = 0) When Nl = Nh = 0 or the theory is fully
quenched, the zero-mode integrals we use are the same as the partially quenched
case with Nl = 0 above. But we need further to include the singlet degree of freedom
for the non-zero modes, with additional low-energy constants α and m20 as quenched
























where Nc denotes the number of colors. See e.g. ref. [112] for details.
Using the unitarity condition given in [141], we have checked that all of the above
expressions precisely reproduce the known results for degenerate Nl 6= 0 flavors
(setting Nh = 0), and the quenched results (the Nl = Nh = 0 limit), obtained
earlier [72, 112].
6.2.2. Equivalence of the two mixed-regime expansions
The apparent difference between results obtained in the two mixed-regime expan-
sions considered in section 6.1 arises from the contribution of the zero-momentum
modes of the heavy mesons. They are computed perturbatively in the first case and
resummed in the second. In order for the two results to agree, an additional expan-
sion in 1/µh ∼ 2 of the zero-mode integrals for U(N) must of course be performed
so that only terms at subleading order in the  expansion are consistently kept in
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the correlators. Performing this expansion one finds 2:













J 0(Nl)∓ ({µl}) ,

























, n = 1, 2, 3. (6.59)










Using these expansions the results from the two different schemes agree.
As another non-trivial check in the opposite direction, one can also confirm that
a fully perturbative approach as in the p-regime, where all of N = Nl + Nh flavors
are perturbatively treated, is consistent with our results in an unrealistic limit in
which FL 1 while MpiL < 1.
6.3. Useful examples for 2+1 flavor theory
In this section we give some explicit examples that are useful when comparing
with lattice QCD simulations. Here we consider the 2+1 flavor theory where the
up and down quark masses are degenerate, mu = md and different from the strange
quark mass ms. We choose the low-energy constants to be the phenomenologically
reasonable values F = 90MeV, Σ1/3 = 250MeV, Lr4(0.77GeV) = 0.1 × 10−3 and
Lr6(0.77GeV) = 0.05× 10−3.







where the summation is taken over 4-dimensional vector aµ = (n0T, n1L, n2L, n3L)
with integers ni’s. Truncation above at nmax = 5 already shows a good convergence
when M > 200 MeV and L = T/2 = 2 fm, for example.
2We have checked these expansions in several special cases with a rather small number of flavors.
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In this theory, and for the cases we will consider, one can express E¯(x, 0, 0) in
terms of G¯(x,M):



















































and A,B,C,Mη are functions of the p-regime masses only. The term proportional
to C only appears in the case with Nl = 0. With this set up, one obtains
G¯(0, 0) = − β1√
V
, ∂M2G¯(0,M)|M=0 = − 1
16pi2
lnµ2subV
1/2 − β2, (6.65)
where β1 and β2 are the usual shape coefficients and µsub (=0.77GeV in this section)
is the subtraction scale.
With this input,one can now calculate meson correlators on the basis of our
expressions. In the following, we will give two examples where in both we let the
volume size be given by L = 2 fm. One is the case where the physical up and down
quarks are in the -regime, i.e., Nl = 2 and Nh = 1. The other is the case with
rather heavy sea quark masses, i.e., Nh = 3, but the valence quarks are taken to the
-regime.
As seen below, the 1-loop corrections to the condensate and decay constant
are considerable even in the limit V → ∞ because of large strange quark mass.
Recently, it has been argued that N =2+1 flavor ChPT at NLO may have difficulty
in fitting lattice QCD data [143,144]. It is clearly important to check whether NNLO
contributions are essential for analyzing such lattice results at the physical s-quark
mass, or if the strange quark is simply out of the region where ChPT provides a
useful expansion. If the latter case is true, one would need to integrate the strange
quark out and use an “effective” N = 2 ChPT. We do not wish to address this issue
here and hence just give the NLO formulae for the N =2+1 theory. Even in the
N = 2 theory one may be interested in keeping the u and d quarks in the p-regime,
while taking the valence quarks masses to the -regime. The formulas we give here
easily extend to that case, but we do not display them here.
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6.3.1. The case with Nl = 2, Nh = 1
Let us first choose mu = md = 2 MeV, ms = 110 MeV, where the physical pions
are certainly in the -regime in a volume as small as L = 2 fm.



















. The 1-loop corrections to the condensate and decay











































where M2K = msΣ/F
2, and we have neglected exponentially small GV (0,MK) and
GV (0,Mη) (< (1MeV)
2). One can ignore ks00(M
2
K), too. µsub = 770MeV is what
we have taken as the subtraction scale. In the case with L = T/2 = 2 fm (where
β1 = 0.0836), one obtains Σeff = 1.3Σ and Feff = 1.2F , respectively.
For the zero-mode integral, we use the partition function





Kν(µb) Iν(µv) Iν(µ) µ
−1Iν−1(µ)





−µ3bKν+3(µb) µ3vIν+3(µv) µ3Iν+3(µ) µ2Iν+2(µ)
 ,(6.68)
where µ = muΣV = mdΣV .
















, J 0± = 1±
(










(J 0+ − J 0−). (6.69)
We now present the explicit form of the correlators for the pseudoscalar and axial
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where µi = miΣeffV . We plot these correlators in Figs. 6.3 and 6.4 using k00 =
0.08331 for this case.
6.3.2. The case with Nl = 0, Nh = 3
As the second example, let us consider the case with mu = md = 30 MeV, ms =
110 MeV while the valence quark masses are taken to be very light, mv = O(1) MeV.
In this case, all the sea quarks are in the p-regime and we therefore have Nl = 0 and





























ud = (mu +md)Σ/F
2, M2ss = 2msΣ/F
2. Note
that a double pole contribution now appears in r(x0) as a partial quenching artifact
since C 6= 0.
































































where M2pi = (mu +md)Σ/F
2 denotes the pion mass. Again we set µsub = 770 MeV.
In this case, the corrections are uncomfortably large: Σeff = 1.5Σ and Feff = 1.2F .
The zero-mode partition function for Nl = 0 is given by
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, K0− = −2
ΣFQν (µv)
µvΣ




























































where µi = miΣeffV . We plot these correlators in Figs. 6.5 and 6.6.












!=0, mu=2 MeV, ms=110 MeV 

















Figure 6.3: The pseudoscalar correlators with mv = 1-3 MeV, mu = md = 2 MeV
and ms = 110 MeV in a sector of trivial topology, ν = 0 (top) and in sectors of
ν = 0-2 for fixed mv = 1 MeV (bottom). We set L = T/2 = 2 fm and the correlators
are normalized by the Sommer scale r0 = 0.49 fm [145].
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Figure 6.4: The axial correlators for same parameter values as in Fig. 6.3.
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Figure 6.5: The pseudoscalar correlators with mv = 1-3 MeV, mu = md = 30 MeV
and ms = 110 MeV in a sector of trivial topology, ν = 0 (top) and in sectors of
ν = 0-2 for fixed mv = 3 MeV (bottom).
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Figure 6.6: The axial correlators for the same parameter values as in Fig. 6.5.
Chapter 7
Heavy light mesons in the -regime
The simulations of heavy-light mesons made out of a heavy quark (charm or
bottom) and a light one (up, down or strange) on the lattice are challenging because
they require very large volumes in order to keep systematic errors under control. The
reason is that the dynamics of these systems involve very distinct energy scales: the
heavy-light (hl) meson mass, Mhl, the light pion masses Mll and ΛQCD, that should
all be kept sufficiently below the UV cutoff (i.e. the inverse lattice spacing), and
sufficiently above the infrared one (i.e. the lattice box size). Both requirements can
only be met in very large lattices.
If the heavy quark mass is sufficiently large a good effective description is pro-
vided by heavy quark effective theory (HQET) [14, 32, 33], which is obtained in
the limit of infinite heavy quark mass, or static limit. In this limit, the scale Mhl
disappears from the problem and the UV cutoff can in principle be as low as the
cutoff used to describe light meson dynamics. Indeed this approximation has been
extensively used to simulate heavy-light mesons in lattice QCD (for a recent review
on heavy flavor phenomenology from lattice QCD see [146]).
To the extent that pion physics can be described by chiral perturbation theory
(ChPT) , it is conceivable that finite-size scaling of heavy-light systems can be
accurately predicted using ChPT, as the finite-size scaling of light mesons is [15,16,
68]. In this chapter, we investigate the possibility to predict the finite-size scaling of
heavy-light systems, when the lightest pions are light compared to the inverse box
size, from chiral perturbation theory. We will consider this problem in two limiting
situations depending on the mass of the heavy quark:
The heavy quark is significantly above the light one, but still treatable in
ChPT: this would correspond to considering hl mesons in the mixed-regime.
The heavy quark is static and therefore chiral dynamics can be treated in
Heavy Meson Chiral Perturbation Theory (HMChPT): this would correspond
to considering hl static mesons in the -regime.
Even though these two situations are physically very different, the pion dynamics
responsible for the finite-size scaling properties should be pretty much the same. It
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is therefore interesting to see explicitly how a quantitative matching of the finite-
size effects takes place, by comparing the finite volume dependence of correlation
functions in ChPT and HMChPT.
We consider the two-point function of left-handed current densities that will be
computed to next-to-leading order in the -regime in both effective theories. We
will also consider the two-point correlator of pseudoscalar densities to the leading
order, since finite-size effects are important already at this order. Anticipating
the possible use of these results in simulations we also present the results in the
partially-quenched (PQ) case.
In section 7.1 we present the results for the two-point functions in the mixed-
regime of ChPT, when the heavy quark is treated in the p-regime and the light ones
in the -regime, that is in the so called mixed-regime. In section 7.2 we discuss
the formulation of HMChPT in finite volume and present the results for the same
correlators in the situations in which the light quarks are in the p-, in the - or in the
mixed regime. In section 7.3 we compare both results and discuss the implications.
In section 7.4 we briefly comment on the applications to lattice QCD.
7.1. Heavy-light mesons in the mixed-regime of
ChPT
The goal of this section is to study the finite-size scaling of heavy-light mesons
in ChPT, when the light quarks are in the -regime and the heavy ones are in the
p-regime. Again it is expected that the finite volume effects associated to the scale
Mhl are exponentially suppressed, while those associated to Mll are not. We found
convenient to use the parametrization eq. (5.25); however we have explicitly tested
that the result using parametrization eq. (??) coincides.
So far we have only dealt with light-light meson correlators. Here we apply
the same techniques to calculate the two-point correlation functions of heavy-light
left-handed currents and pseudoscalar densities, to relative O(2) order:
















In order to represent a heavy-light meson, T a is any traceless generator with one




(δihδjl + δilδjh). (7.3)
These results are useful in their own right to describe for example kaon correlators
in a finite volume, when the s quark is in the p-regime and the u and d are in the -
regime. We will also be interested in isolating the finite volume effects that survive in
the static limit mh →∞, which should match those obtained in HMChPT. In order
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to recover the results for various full and partially-quenched situations of interest
we consider the following computations:
Case A.
Degenerate heavy quarks: the Goldstone manifold is SU(Nh + Nl), with Nh
quarks of mass mh and Nl quarks with masses ml (l = 1, · · · , Nl), with
the usual mixed regime counting rules eq. (5.23). We can consider then the
quenched limit of the heavy quarks by taking the replica limit Nh → 0. These
results should match in the mh →∞ limit those of HMChPT, where the heavy
quarks are treated as static sources and all the light quarks are in the -regime.
Case B.
Non-degenerate heavy quarks: the Goldstone manifold is SU(Nh + Ns + Nl),
with Nh → 0 quarks of mass mh (i.e. the valence heavy quark), Ns sea quarks
of mass ms and Nl of masses mli , where both mh ∼ ms ∼ 2. This can
be matched to HMChPT in the limit mh → ∞. This situation corresponds
to having sea quarks both in the  and in the p-regimes, for example if one
considers K mesons in 2+1 dynamical simulations, where the s quark is in the
p-regime and the u and d quarks are in the -regime. We can also quench the
light quarks Nl → 0 (quenching the heavy sea quarks Ns → 0 is equivalent
to Case A), which would then correspond to the study of D and B mesons in
a PQ mixed-action approach with sea quarks in the p-regime and the valence
light quark in the -regime.
7.1.1. Left-current correlator
Case A
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where we have defined























E(0, Nh, Nl,Mhh) + 8M
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A few observations are in order. The UV divergences in F 2(A) and in M
2
(A) can
be shown to cancel in the renormalization of the NLO couplings of Gasser and
Leutwyler, L′is. We have also checked that the result matches the result of [17] for
non-degenerate quarks in the -regime in the appropriate limit.
This result represents the finite-size scaling of kaon-like states (mh = ms and
ml = mu = md) in the mixed-regime for various situations:
2 + 1 dynamical simulations setting: Nh = 1, Nl = 2,
PQ simulations where the h quarks are quenched and the l quarks are dynam-
ical by taking the replica limit Nh → 0 of eq. (7.4),
PQ simulations where the l quarks are all quenched or partially quenched,
while the h quarks are dynamical. In this case, the appropriate value of Nl
must be taken, but also the zero-mode integrals 〈(U0 +U †0)ll〉 need to be prop-
erly defined 1.
The zero-modes integrals 〈(U0 +U †0)ll〉 can be solved using eq. (5.17) and eq. (5.18)
for the full theory case, eq. (??) and eq. (5.43) for the PQ case. See also Appendix E.
Case B
In this case we will denote respectively the squared mass of the heavy-light
mesons and the decay constant at NLO by M2(B) and F(B). The result in case B in
1Note that one cannot consider a fully quenched theory with Nh = Nl = 0 on the basis of
eq. (7.4), because the singlet has been integrated out [112].
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and N = Ns +Nl, while


































































































〈(U0 + U †0)ll〉
)]
. (7.12)
We have performed several consistency checks of these results. For ms = mh
Case A is recovered. UV divergences do cancel.
In the replica limit Nl → 0, this result represents the finite-size scaling of kaon-like
correlators in PQ simulations where the Ns sea quarks are in the p-regime, while the
light valence quarks are in the -regime, a setup that might be useful in mixed-action
simulations.
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In either case A or B, we expect these predictions to match the ones of HMChPT
in the limit mh → ∞, since this should recover a static limit of the valence quark.
Indeed, the leading volume dependence in F(A) and F(B) or M(A) and M(B) can be
shown to be associated to the light sector only and therefore should be independent
of the heavy mass scale. We will explicitly show how this happens in section 7.3.
7.1.2. Pseudoscalar correlator
Another interesting observable is the pseudoscalar density correlator as regards
the finite volume dependence, because finite-size effects appear already at the leading-
order as opposed to the correlator of the left current, where they appear first at NLO.






〈(U0 + U †0)ll〉+ 2
]
. (7.13)
In this case, it is trivial to see that all the significant volume dependence comes from
the zero-mode averages, which involve only the light sector.
7.2. Static heavy-light mesons in finite volume
HMChPT
The effects of pion dynamics in the properties of static heavy-light mesons can
be predicted in HMChPT [12,13,75]. To date most calculations of chiral corrections
have been done in infinite volume. The authors of [147] considered also chiral correc-
tions in B parameters of neutral B meson mixing and heavy-light decay constants
in a finite volume, but in the p-regime.
In this work we go closer to the chiral limit by considering the -regime for the light
quarks. As far as we know, this regime has not yet been explored in HMChPT.
However part of the technology we have used was developed in [148] to perform
-regime calculations in baryon ChPT. We present our NLO results for left-current
correlators in the p-, - and mixed regimes, and LO results for pseudoscalar density
correlator.















Using this notation we isolate the time dependence in Cl(I)J (t) for later comparison
with the mixed-regime result. We will use the index I = p to indicate the case
where all light quarks are in the p-regime and I = , where all are in the -regime.
Moreover, we will consider the case when some light quarks are in the p-, others are
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in the -regime, and denote it by I = m. We are interested in the cases I =  and
I = m, with -regime valence quarks, which should match respectively the mh →∞
limit of cases A and B in the ChPT computation.
7.2.1. HMChPT in p-regime
We consider HMChPT with Nl degenerate light quarks of mass m lying in the
p-regime. Making use of the space integrals given in App. D.2 we obtain, for t 6= 0:

























with M2 = 2mΣ/F 2 and Mp =
√
M2 + p2, while











The function P has been already defined in Eqs. (C.1).
In dimensional regularization
∑






























































(ln(4pi) + Γ′(1) + 1)
]
, (7.23)
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|z|K− 12 (M |z|) (7.26)
where z = (n1L1, · · · , nsLs), {ni ∈ Z ; i = 1, · · · , s}.























eMpT − 1 . (7.27)
Defining the renormalized coupling:
ηi = η
(r)
i + ηiλ(µ) , (7.28)








(1 + 3g2pi) . (7.29)
Obviously one can also reproduce the infinite volume result by taking the limits
T, L→∞.
7.2.2. HMChPT in -regime
We consider now Nl light quarks lying in the -regime. In this regime it is





for which the integration measure is known up to NLO [110] and gives no contribu-
tion to our observables. Here ξ contains the non zero modes of the pions and is a
perturbative field ξ ∼ .
The complication, in heavy-light mesons calculations, is that we need to express√
U as a function of
√
U0 and ξ, up to 
2 corrections. The solution can be written












2Note that there is no standard convention for the normalization of the couplings η¯0 and η¯3.
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where A and B are Hermitian matrices (A is also traceless), respectively of order 
and 2, linear and quadratic in the components of ξ. Imposing:(√
U
)2
= U +O(3) (7.32)






















which can be solved in a particular system of coordinates for U0.
We have not found a simple way to solve the equations for general Nl, so we
have considered the particular case of SU(2), that is Nl = 2. One convenient choice
for this group is to use the hyperspherical coordinates:√
U0 = cosψ + i sinψ sin θ cosφσ1 + i sinψ sin θ sinφσ2 + i sinψ cos θσ3 , (7.35)
where σi are the Pauli matrices and the angle ranges are:
ψ ∈ [0, pi], θ ∈ [0, pi], φ ∈ [0, 2pi] . (7.36)
Note that to parametrise U0 we just need to extend the range of ψ: ψ ∈ [0, 2pi].
As usual, it is worth to perform the contractions of the non zero modes first
and then perform the non perturbative integrations of ψ, φ and θ over the range
specified by (7.36).





d4aδ(a2 − 1) = 1
2pi2
∫
dψdθdφ sin2 2ψ sin θ (7.37)
where a is defined through U0 = a0 + ia · σ.
7.2.3. Left-current correlator
If all light quarks are in the -regime and for Nl = 2 we obtain









H(t, L, T ) + g2piH



















P (t, |p|)−G(0, 0)
)
,




(P (t, |p|)− P (0, |p|)) . (7.39)
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and





The functions h1 and P are defined in eq. (C.2), eq. (C.1), while the propagator
G(0, 0) is given in eq. (B.19).
This expression contains no divergences in dimensional regularization. It is inter-
esting to stress the fact that the zero-mode integrals which contribute to various
diagrams, nicely cancel in the sum of all contributions. In particular this means
that the current correlator loses any dependence on quark masses close enough to
the chiral limit, which also means no dependence on the topological sector.
This result may be used to predict the behavior of a correlator of left currents with
the quantum numbers of the B meson, in a finite volume such that the u and d
quarks are in the -regime.
In Fig. 7.1, we show the ratio of the finite-volume to infinite volume correlator at
t = 1 fm as a function of the volume for two boxes and two values of gpi (gpi = 0 and
gpi = 0.44, as recently computed on the lattice by [84]). Corrections are O(3− 4%)
at 2 fm, and the dependence on gpi is mild.
Figure 7.1: Ratio of C()lJ (t = 1fm) at fixed volume normalized to the ∞ volume
result as a function of L for two boxes with T = L (solid) and T = 2L (dashed),
and for gpi = 0.44 (thick lines) [84] and gpi = 0 (thin lines). We have fixed Σ =
(250 MeV)3, F = 90 MeV.
In Fig. 7.2, we show the time dependence of the correlator after factoring out
the exp(−∆M ()t) (we will see later in Sec. 7.4 that in any real fit to lattice data,
∆M () would renormalize the static energy Estat).
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Figure 7.2: 4C()lJ (t)/(a2 exp(−∆M ()t)) as a function of t/T for T = L = 2 fm, and
for gpi = 0.44 (thick line) [84] and gpi = 0 (thin line).
7.2.4. Pseudoscalar density correlator







〈(U0 + U †0)ll〉+ 2
]
. (7.41)
7.2.5. HMChPT in mixed-regime
In order to keep into account the effects due to the strange quark in heavy-light
systems it is convenient to apply the power counting eq. (5.23). To implement it in
HQET, at least in the Nl = 2, Ns = 1 specific case does not require more technology
than the one introduced in the previous section.
In practice all the steps described in the previous section must be applied again to
the parametrization given in eq. (5.25).
7.2.6. Left-current correlator
In this case the SU(3) vectorial symmetry is explicitly broken by the fact that
2 light quarks have mass ml lying in the -regime while the one playing the role of
the strange has a mass ms in the p-regime. This explains why the result is different
depending on which light quark appears in the external line. As before we first
consider the case in which l = 1, 2. This result represents the correlator of a left
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current with the quantum numbers of a B or a B∗ in the context of 2+1 light
flavours. We obtained:












H(t, L, T ) + g2piH
































where Mηs has been defined in eq. (7.10) and




















This correlator will be matched with the predictions from the mixed ChPT, case B.
Figure 7.3: Ratio of C(m)1J (t = 1fm) at fixed volume normalized to the ∞ volume
result as a function of L for two boxes with T = L (solid) and T = 2L (dashed),
and for gpi = 0.44 (thick lines) [84] and gpi = 0 (thin lines). The fact that the curves
for T = 2L for gpi = 0 or 0.44 nearly coincide is accidental.
In Fig. 7.3, we show the ratio of the finite-volume to infinite volume correlator
as a function of the volume for two boxes and two values of gpi in the mixed regime.
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We have set Nl = 2 and Ns = 1. The corrections are qualitatively similar to those
in the -regime and quantitatively a bit larger.
In Fig. 7.4, we show the time dependence of the correlator after factoring out
the exp(−∆M (m1)t).
Figure 7.4: 4C(m)1J (t)/(a2 exp(−∆M (m1)t)) as a function of t/T for T = L = 2 fm,
and for gpi = 0.44 (thick line) [84] and gpi = 0 (thin line).
Another reason why HMChPT is useful is to predict the relation between ob-
servables related to the B (B∗) and the Bs (B∗s ). So we also add for completeness
the results representing the correlator C(m)3J (t) of two left currents with the quantum
numbers of a Bs (or a B
∗
s ). In this case we obtain
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Note that also in this case even though the various diagrams do depend on ml, the
final result does not.
7.3. Matching of HMChPT and ChPT
Dominant finite-size effects in QCD are due to pion dynamics, since these are
the lightest degrees of freedom. It is therefore expected that the finite-size scaling of
heavy-light systems does not depend on the large energy scales related to the heavy
quarks, ie. Mhh or Mhl. This must be the case as long as those scales are signifi-
cantly larger than L−1. Whether these scales also are much larger than the QCD
scale so that the static limit (HQET) is a good approximation, or not, should not
matter a priori for the finite-size scaling properties, because the volume dependence
arises from the propagation of the light degrees of freedom.
The leading finite volume effects are therefore expected to come from the fact that
the heavy meson can emit and absorb a pion. The probability for this to happen
can however depend on the heavy mass scale. Close enough to the chiral limit, the
masses of pseudoscalar mesons are suppressed by the spontaneous breaking of chi-
ral symmetry, so, for example, we do not need to include the vector mesons in the
effective theory, because they are much heavier and decouple. On the other hand,
in the limit mh → ∞ pseudoscalar and vector mesons are degenerate, because the
interaction between quark and antiquark inside the meson becomes spin indepen-
dent, so they both need to be considered in HMChPT. The presence of heavy-light
vector resonances can modify the finite volume effects indirectly by inducing unsup-
pressed contributions to pion/heavy-light meson scattering. We will see that indeed
the finite-size corrections in HMChPT and mixed ChPT match up to corrections
proportional to g2pi.
Real c and b quarks are somewhere in between these limits, where no effective
description is very accurate. We may ask whether it is possible to give a description
of finite size effects in this intermediate regime. In particular, there might be other
resonances to consider [150]. Using general arguments it was shown in [151] that the
pseudoscalar meson remains the lightest state for every value of the quark masses.
Moreover if the heavy quark is in the non relativistic regime, we can say that the
axial and scalar mesons (made of the same quark-antiquark couple) are heavier
because they are in a higher angular momentum state. Experiments show that
this peculiarity persists for heavy-light mesons whose heavy quark is a strange or a
charm, the mass difference among the vector meson and the axial one being always
of order of 400 MeV [152].
Finally the fact that exotic states may play a significant role is disfavored by large
Nc arguments [153] saying that quark bilinears amplitude to produce them (like a
qqqq) is suppressed.
To sum up it seems plausible to consider a scenario in which the current correlator
has two channels, a pseudoscalar and a vectorial one. The vectorial one could
be integrated out for quark masses that are small compared to ΛQCD. Indeed it
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is known [152] that while the Ks weight approximately 500 MeV the K∗s weight
approximately 900 MeV and while pions weight 140 MeV the ρs weight 770 MeV.
However the vectorial channel becomes more and more relevant as the mass of the
heavy quark grows, because the mass difference between pseudoscalar and vector
mesons diminishes: if for K mesons it is about 400 MeV, for Ds it is about 150
MeV, while for Bs it is only 50 MeV.
We consider now how the matching works in the two examples considered. Given
any meson two-point function, the first point to realize is that a finite static limit is
recovered after factorizing out the leading e−M |t|, where M is the mass of the heavy
meson and t is the temporal separation between the two mesonic sources.
7.3.1. Pseudoscalar two-point function
Let us start with the pseudoscalar correlator at LO, which is given in eq. (7.13)
for the mixed ChPT case and in eq. (7.41) for the HMChPT case. The first thing
we observe is that the contribution of the zero modes, in particular the factor[
〈(U0 + U †0)ll〉+ 2
]
(7.46)
appear in both correlators. This shows that the zero modes contributions match in
the two frameworks.






+O (e−MT ) , (7.47)








〈(U0 + U †0)ll〉+ 2
]
. (7.48)
After factorizing out the exponential e−Mht we find that also the time-dependence











which in the heavy quark mass limit Mh ∼ mh is consistent with the definition in
eq. (4.63), a2/2 = F 2PMP . Since in the static limit there is no time dependence at





〈(U0 + U †0)ll〉+ 2|V1
〈(U0 + U †0)ll〉+ 2|V2
(7.50)
in both regimes of the heavy quark mass.
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7.3.2. Left-current two-point function
We consider the matching for the Dirac components µ = ν = 4 for which we
have the ChPT result.
What can be matched is the dependence of the correlators on the volume, that
is L and T and the masses of the up, down and strange quarks, because these
are explicit degrees of freedom in both effective theories. Moreover, since we only
consider the static limit of HMChPT, we have to drop from the ChPT result those
contributions that are suppressed by negative powers of mh. We expect that the
 regime (I = ) HMChPT result should match to case (A) in the mixed-regime
computation, while the I = m result in HMChPT should match case (B).
Case A:
In order to match Eqs. (7.38) and (7.4), the L, T dependence must be the same
in both cases. For the mixed ChPT framework, we split the contribution due
to the heavy pions from the rest in Eqs. (7.5) and (7.6) and write:














F and Mh have absorbed the dependence on the heavy quark mass. The static


















H(t, L, T )
]
, (7.53)
where H(t, L, T ) is the function of eq. (7.39).
For Nl = 2, the result is identical to the NLO prediction C()J (t) in HMChPT





2Mh, gpi = 0. (7.54)
The fact that at NLO we have to put gpi = 0 to match the two expressions
reflects the fact that the vector meson is integrated out in the chiral theory.
In HMChPT the vector and pseudoscalar are degenerate and therefore both
are present. More generally we would expect that in the intermediate regime

















(H(t, L2, T2) + α(t, L2, T2,mh)) + ...
(7.55)
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where V1 = L
3
1T1 and V2 = L
3
2T2 and
limmh→0 α(t, L, T,mh) = 0,
limmh→∞ α(t, L, T,mh) = g
2
piH
′(t, L, T ). (7.56)
In the intermediate region the function α is unknown. However it should be
possible to compute it including the leading 1/mh corrections in HMChPT or
even in ChPT including the vector resonance, as a function of the vector meson
mass and coupling. We will not consider these regimes in the present work.
Note however that for the value of gpi obtained in a recent lattice computation
in [84], gpi = 0.44, the contribution of the term proportional to g
2
pi (i.e. the
difference between the thick and thin curves) in Figs. 7.1-7.4 is not too large,
and should decrease with decreasing mh.
Case B :
We have to follow the same steps as above, but in addition to L and T , we
expect to reproduce also the dependence on ms, up to m
−1
h contributions. In
the mixed ChPT framework, we rewrite Eqs. (7.11) and (7.12) as:
F 2(B) = F
2































































(P (t,Mηsp)− P (0,Mηsp))
]
.
One can check straightforwardly that, for Nl = 2 and Ns = 1, this coincides
with the correlator C(m1)1,2J (t) computed in HMChPT (eq. (7.42)) with the























4 − 2L(r)6 ). (7.60)
Note that the above relations are among renormalized quantities. Apart from
some finite volume effects due to the sea p-regime quarks, which are exponen-
tially suppressed, the volume dependence is identical to the one of Case A. So
again we expect that for any value ofmh, eq. (7.55) holds up to higher order chi-
ral corrections and neglecting exponentially suppressed terms in exp(−MsL).
7.4. Finite-size scaling of heavy-light mesons in
lattice QCD
As we have seen above the matching of finite-size effects of heavy-light correlators
in HMChPT and ChPT works as expected. We are interested however in using these
results to predict the finite-size scaling of these correlators computed in lattice QCD.
On the lattice, we can include a relativistic or static heavy quark. In both cases we
expect that for sufficiently large time separations:
C latJ (t) ≡
∑
x




where M is the lightest heavy-light meson mass Mhl in the case of a relativistic
heavy quark or the so-called static energy, Estat = Mhl − mh in the lattice static
limit.




stat + ∆M (7.62)
where E
(0)
stat is the value the static energy would have in the chiral limit, while
∆M contains the chiral corrections that are predicted by HMChPT, that we have
presented for the various cases considered, in Eqs. (7.17), (7.40), (7.43) and (7.45).
In practice this means that to fit a correlator evaluated with all the quarks in the
-regime using eq. (7.38) one has to determine four parameters: a, F , E
(0)
stat and gpi.
It remains to be seen what the stability of such fits is in practice. The numerical
challenge of extracting signals over the noise when computing propagators of heavy
mesons is well known. Recent proposals to improve the situation have been discussed
in [154,155].
Chapter 8
QCD in mixed regime and RMT
The first application of our results will be in testing the hypothesis that QCD
in the mixed-regime can be matched to a RMT which in principle allows us to
determine two low energy constants: Σ and L6 from the low-lying spectrum of the
Dirac operator. As we anticipated in Section 4.8, the low-lying spectrum of the Dirac
operator can be described by an appropriate random matrix theory (RMT) [86–88]
if the pion masses lie in the -regime (MpiL . 1). Direct quantitative tests of such
description have already been obtained both in quenched [99], Nf = 2 [123,156,157]
and Nf = 2+1 QCD [158] for volumes above (1.5fm)
4 or so. Since RMT predictions
are sensitive to the value of the chiral condensate, they provide yet another way of
studying chiral symmetry breaking, using simple spectral observables.
As discussed in Sections 3.6, 3.10 and 4.6, an adequate treatment of chiral sym-
metry on the lattice is especially relevant in this context. While simulations of
Nf = 2(+1) QCD with full chiral symmetry have proven feasible, they are still
limited to relatively small values of the inverse lattice spacing and/or physical vol-
ume [159]. A way to overcome this is to use a mixed action approach, in which
chiral symmetry is exactly preserved at the level of valence quarks only. Our aim
is to develop such a framework by considering Neuberger valence quarks on top of
Nf = 2 CLS ensembles
1, obtained from simulations with non-perturbatively O(a)
improved Wilson sea quarks. A key ingredient of our study will be the matching
of QCD to ChPT in the mixed regime introduced in Chapter 5, in which sea quark
masses are in the p-regime and valence quark masses can take values both in the p-
and the -regime.
Here we will report on our first experiences with this approach, involving tech-
nical tests and finite volume regime studies along the lines hinted at above. We
present results for spectral observables, which provide information on Σ and L6.
Obviously, mixed actions also have huge potential for phenomenological applica-
tions in which the exact preservation of chiral symmetry is greatly advantageous,
e.g. to simplify the renormalization of composite operators entering hadronic matrix
elements. Along this line, first data for standard two- and three-point functions, as
well as for correlation functions computed in the chiral limit via saturation with
1https://twiki.cern.ch/twiki/bin/view/CLS/WebHome
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topological zero modes [101,120], will be covered in upcoming publications.
8.1. Probing the deep chiral regime with mixed
actions
While the matching between ChPT and RMT ideally occurs in the -regime and
at very low masses, we show here that it can be extended to the mixed regime.
The rationale for expecting a matching of QCD to RMT relies on the existence
of a regime where the chiral effective theory simplifies to a theory containing only
the Goldstone zero-modes, as depicted in Fig. 8.1. In fact, if we consider ChPT
in the usual  regime or in the mixed-regime above, there is a hierarchy of scales
Mvv  L−1, which implies that we can integrate out the heavy scale L−1 to obtain
a theory only of zero-modes, which we could call ZMChT (zero-mode chiral theory).
We can obtain this theory from the full ChPT by integrating the heavy modes2 order
by order in the -expansion. The difference between doing this matching in the 
or the mixed-regime is the assumption on the scaling of Mhh. In the former case,
Mhh  L−1 and this scale is not integrated out (the ZMChT has therefore Nl +Nh
flavours), while in the latter L−1 ∼ Mhh and the zero-modes of the sea pions must
be integrated out as well (the ZMChT has then Nl flavours).
The matching of ChPT and ZMChT at LO in the mixed-regime can be easily






















According to the eq. (4.70), this partition function is then equivalent to a RMT with
Nl flavours. In particular, it is important to stress that ZMChT has Nl flavours,
while the full ChPT from which it is derived corresponds to N = Nl +Nh flavours.
For Nl → 0, the ZMChT or RMT we expect to find is therefore the quenched one,
while the couplings should be those of a N = Nh theory.
The matching at NLO still does not modify the structure of the ZMChT theory.
We could have anticipated this by realizing that there are no operators in the list of
Gasser and Leutwyler that depend only on a constant U¯0 at O(6). This does not
mean however that there are no corrections, simply that they can be absorbed in the
couplings appearing in eq. (8.1), that is in Σ. Indeed at NLO, there are corrections
to the zero-mode Lagrangian from the following terms in the Lagrangian






















+ . . . .
2Heavy modes also include the non zero modes of the lightest PGBs.










Figure 8.1: Chiral regime of QCD showing the range of validity of the zero-mode
chiral theory (ZMChT), which is equivalent to a RMT, and is obtained from ChPT
by integrating out the non-zero momentum modes. The LECS of the ZMChT (Σeff )
can be derived from the LECs of ChPT from matching, which can be done in two
regimes depending on the size of the sea quark mass. For Mhh  1/FL2, the 
regime is appropriate, while for Mhh ≥ 1/FL2 the mixed-regime is. The resulting
ZMChT have different number of flavours in both cases.
.


















where Σeff is again given by eq. (6.11).
In summary we have found that the ZMChT is equivalent to a RMT at NLO.
Furthermore, the matching of this theory with ChPT gives the precise dependence
on the sea quark mass of the coupling Σeff which is the only free parameter of the
RMT theory.
At this point it is interesting to discuss the possibility to have a smooth transition
within the ZMChT regime between the N = Nl + Nh effective theory and the Nl
theory as the scale mh is increased. The authors of [157] have assumed that indeed
this is possible and have found some evidence that the eigenvalue ratios seem to
follow the dependence on mh predicted by the RMT or ZMChT. Such expectation
would be justified if the conditions were such that FL  1, because in this case
the scale Mhh can be neglected in the integration of the non-zero modes, as is done
in the  regime. However this is not true in practice, where FL ∼ 1, and indeed
even though the eigenvalue ratios in [157] showed roughly the dependence on mh
predicted by the RMT (note that Σeff drops in the ratios), this is certainly not true
for the eigenvalues themselves. The mixed-regime matching is the correct procedure
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to account for the correct mh dependence of Σeff , for large enough mh. If FL is
not sufficiently large, there is no warranty that the transition region (vertical band
in Fig. 8.1) can be modeled correctly.
The distribution of the lowest lying eigenvalues of the Dirac operator is expected
to match the prediction of RMT with Nl flavours and ΣV → ΣeffV . Σeff depends
on the low-energy couplings of the N = Nl + Nh theory. Note that the only NLO
coupling entering is L6.
Now since we want to consider that the light quarks are quenched, we have to





























For the case T/L = 2, that we will be considering in our simulations, β2 = −0.01295.




Nh = 2, F = 90 MeV and L
r
6(Mρ) = 0.07 · 10−3. The NLO corrections are less than
30% for the masses considered, but they change sign in this range.
The low-lying eigenvalues of the Dirac operator should then follow the predictions
of quenched RMT. Comparing the eigenvalues computed numerically in this PQ
setup, with the predictions of RMT, we can extract Σeff of eq. (8.3). If we do this for
different values of the sea-quark mass, we can study the sea-quark mass dependence
of Σeff , from which we can in principle disentangle Σ and L
r
6(µ), up to NNLO
corrections, (assuming we have an independent determination of F ). In Figure 8.3 we
show the ratio of Σeff for Nh = 2, at two values of the sea quark mass corresponding
approximately to the values we will be considering in our simulations as a function
of Lr6(Mρ) and F . The contours levels illustrate the dependence on L
r
6(µ) that we
can expect from the measurement of single eigenvalue ratios for different sea quark
masses.
More concretely, we want to test this hypothesis by computing the low-lying
spectrum of the Neuberger-Dirac operator, eq. (??), on on Nf = 2 configurations
with p-regime sea pion masses. In this case, the sea quark mass does not appear
explicitely in the ZMChT/RMT, as we have discussed. The latter corresponds to
a theory with Nl → 0 light flavours, that is quenched RMT (qRMT). The sea
quark mass dependence comes in only through Σeff (Mhh). Therefore we expect the
following matching
〈ζk〉νqRMT = Σeff (Mhh)|Nl=0 V 〈λk〉νQCD(Mhh), (8.4)
where Mhh is the sea pion mass and Σeff (Mhh)|Nl=0 is given in eq. (8.3). In this
matching we assume that the QCD quark masses, the eigenvalues of the Dirac
operator and the quark condensate are properly renormalized. The prediction for
8.1 Probing the deep chiral regime with mixed actions 135











Figure 8.2: Σeff/Σ as a function of M
2
hh/F
2 for F = 90 MeV and Lr6(Mρ) =



















Figure 8.3: Curves of constant RΣ = Σeff (M1)/Σeff (M2) with M1 = 257 MeV and
M2 = 379 MeV as a function of 10
3Lr6(Mρ) for F = 90 MeV and N = Nh = 2.
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the ratio 〈ζk〉νqRMT/〈ζl〉νqRMT is parameter-free and can be compared directly with
〈λk〉νQCD/〈λl〉νQCD at any fixed Mhh.
On the other hand, if we consider ratios at different sea quark masses 〈λk〉ν(M1)/〈λk〉ν(M2),
(M1,2 are two different sea pion masses), we can assume that they can be matched to
















It follows that information on the mass dependence of Σeff , and hence on L6, can
be obtained from suitable eigenvalue ratios.
8.2. Results on Dirac spectral observables
We have carried out our computations on CLS lattices of size 48×243. The con-
figurations have been generated with non-perturbatively O(a) improved fermions at
β = 5.3 and sea quark masses given by κ = 0.13635, 0.13625. This roughly corre-
sponds to a ≈ 0.08 fm and L ≈ 2 fm, with dynamical pion masses slightly below
300 MeV and 400 MeV, respectively. We will refer to these two lattices as D5 and
D6. It has to be noted that for the D6 lattice we have two statistically independent
ensembles, that we dub D6a and D6b. We have analyzed 237 D6 configurations and
137 D5 configurations; in both cases successive saved configurations are separated
by 30 HMC trajectories. Further details concerning the simulations can be obtained
in [160]. Our Neuberger fermion code is the same used in previous quenched stud-
ies [99, 102, 107, 119, 161], and is designed specifically to perform efficiently in the
-regime [127].
A first, immediate application of having constructed the Neuberger-Dirac oper-
ator DN on a given dynamical configuration is a non-ambiguous determination of
the topological charge of the latter by computing the index of DN. In Fig. 8.4 we
show as an example the Monte Carlo history of the topological charge for lattice D6,
which shows that topology sampling proceeds smoothly, although the topological
charge is often observed to remain constant for several tens of trajectories. The
histogram in the lower panel shows the distribution of the measured topological
charges, which exhibits the expected Gaussian-like shape and width. This finding is
consistent with the study reported in [162], since our computations take place at a
value of the lattice spacing sufficiently larger than the threshold a ∼ 0.05 fm below
which topology is expected to exhibit freezing symptoms.
The 10 lowest lying eigenvalues of the Dirac-Neuberger operator have been com-
puted on both lattices D5 and D6, using the techniques described in [127]. As
explained above, we expect them to be described by quenched RMT probability dis-
tributions, with the appropriate value of the effective chiral condensate in eq. (8.3).
As a test, the computed ratios λk/λl involving the four lowest-lying eigenvalues are
compared in Figs. 8.6, 8.7 and 8.8 for different topological sectors respectively to
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Figure 8.4: MC history and distribution (right panel) of the topological charge in
D6 lattice for run a.












































Figure 8.5: Ratios of eigenvalues for different topologies in lattice for lattices D5 (left)
and D6 (right). Horizontal ticks appearing in plots are quenched RMT predictions.
quenched RMT for |ν| = 0, 1, 2. While the RMT prediction seems to work well for
ratios not involving λ1, the ratios λk/λ1 exhibit deviations which are particularly
noticeable in lattice D6. On the other hand, ratios between eigenvalues in different
topological sectors follow well RMT predictions also in the case of λ1, as shown in
Fig. 8.5, albeit with larger errors. The origin of the observed deviations, and its
possible relation to chiral corrections, will be the subject of further investigation.
In the spirit of the mixed regime ChPT analysis, our data also allow to study
the mass dependence of the effective condensate, cf. eq. (8.5). Fig. 8.9 shows to
what precision ratios of eigenvalues computed on gauge configurations with different

































































































Figure 8.6: Left panel: Ratios of Dirac eigenvalues for ν = 0 (k/l is shorthand for






















































































Figure 8.7: Left panel: Ratios of Dirac eigenvalues for ν = 1 (k/l is shorthand for
λk/λl) for lattices D5 (left) and D6 (right). Horizontal ticks appearing in plots are
quenched RMT predictions.
dynamical pion masses do not depend neither on topology nor on the eigenvalue
number. This is a highly nontrivial test that the sea pion mass dependence enters in
the eigenvalues as predicted by our ChPT description. Averaging over these ratios
leads to a preliminary value Σeff (MD6)/Σeff (MD5) = 0.68(4), where the quoted






















































































Figure 8.8: Left panel: Ratios of Dirac eigenvalues for ν = 2 (k/l is shorthand for



























































































































Figure 4: Dependence of the effective couplings Σ˜r on M2ss/F
2 for the partially-quenched theory with
Ns = 1 (solid) and Ns = 2 (dashed) . F = 90 MeV and the two lines correspond to the two extreme
values of L6 obtained in the phenomenological determinations reviewed in [17]. Of course in reality L6









































































Figure 4: Dependence of the effective couplings Σ˜r on M2ss/F
2 for the partially-quenched theory with
Ns = 1 (solid) and Ns = 2 (dashed) . F = 90 MeV and the two lines correspond to the two extreme
values of L6 obtained in the phenomenological determinations reviewed in [17]. Of course in reality L6








Figure 8.9: Ratios of k-th eigenvalues for different sea masses.
value of L6(Mρ) ∼ 0.08×10−3 in the same ball park as previous determinations [66].
A more carefull analysis will be done to quote an error.
From the eigenvalues themselves we could also extract the condensate, but this
140 Conclusions
requires to determine the renormalization constant ZS. This is work in progress.
Chapter 9
Conclusions
We have developed a new power-counting scheme in chiral perturbation theory,
necessary to make predictions in the chiral effective theory with non-degenerate
quark masses at finite volume, in a mixed-regime in which Nl light quarks are in the
-regime and the other Nh quarks in the p-regime.
For light-light mesons we have considered the most general quark mass matrix and
calculated the connected contributions for the channels: pseudoscalar, scalar, vec-
tor and axial vector. We have also calculated the disconnected contributions for the
pseudoscalar and scalar channels.
With the help of the replica method, we have also extended our study to the partially
quenched case. Our results are shown to be consistent with all earlier work in the
literature, both in the quenched and full QCD limit, with degenerate valence quarks.
Our results can be useful to extract information from lattice QCD simulations
with 2+1 flavors where the up and down quark masses are very light, but the volume
is such that the theory is in the -regime with respect to the corresponding pseudo
Nambu-Goldstone bosons. They can also be applied to PQ lattice simulations with
mixed actions in which the valence quarks are in the -regime while the sea quarks
are in the p-regime.
The two-point functions are useful to determine the leading low-energy constants,
the chiral condensate Σ, and the pion decay constant F in the chiral limit, with
a minimal contamination from NLO LECs. We have also discussed a new way to
determine the NLO low energy constants L4 and L6 within the mixed-regime.
With the new partially quenched chiral perturbation theory in this mixed regime
one has an excellent analytical tool with which to explore future lattice simulations
with nearly massless u and d quarks. The method has been applied also to treat
other observables in the case where one valence quark is heavy, i.e. the chiral dy-
namics of kaons.
A second project in this thesis has been the study of the finite-size scaling of
heavy-light mesons, composed of a light quark in the p- or -regime in the approxima-
tion in which the heavy quark is static (HMChPT). We confirm the naive expectation
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that the dominant finite volume effects are induced by the emission/absorption of
light pions, and are to a large extent insensitive to the value of the heavy quark
mass. These results can be useful to match lattice QCD and HMChPT in finite
volumes that are not sufficiently large compared with the Compton wavelength of
the lighter pions. Our results can be used to consider also various partially-quenched
situations.
As a first application of our analytical findings we have studied the low-lying
spectrum of the Dirac operator in a mixed action approach, from which the chiral
condensate Σ and L6 can in principle be determined. We have implemented a mixed
action approach to lattice QCD in which sea quarks are non-perturbatively O(a)
improved Wilson fermions, while valence quarks are Neuberger fermions. Numerical
techniques to deal with the latter that were developed in previous quenched studies
have proven similarly efficient in this context. We have computed the ten lowest
eigenvalues of the Neuberger operator in the background of dynamical configurations
at a ≈ 0.08 fm and for several values of the sea quark masses, and compared our
findings to expectations from mixed-regime ChPT and RMT.
In upcoming publications we will discuss results for two- and three-point func-
tions, both in the - and the p-regimes, with a view to extract other strong and weak
low-energy couplings. One specific topic that remains to be addressed is the role
of cutoff effects in the mixed action setup, and whether O(a2) unitarity violating
artifacts lead to sizeable scaling violations, as discussed in [126].
Our simulations were performed on the IBM MareNostrum at the Barcelona
Supercomputing Center, as well as PC clusters and the Tirant installation at IFIC.
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Appendix A
Calculation of the Jacobian
The parametrization with some or all of the zero modes factorized, that we en-
counter in the mixed and  regimes, has a non trivial Jacobian with respect to the
SU(Nf ) Haar measure. Here we review first how the calculation of the Jacobian can
be done for the  regime parametrization at NLO. The method is easily extendible to
the the mixed regime, so that we briefly mention which are the differences and give
the results for the mixed regime too. In particular we show that the contribution
coming from the ξ fields factorizes.
A metric can be defined through:
〈dU †dU〉 = gabdUadUb (A.1)






The parenthesis 〈...〉 means here and in the rest of the section that both an integra-










and we will see that g1 contains elements of order 1, g2 = g
T
3 contain elements of
order , and g4 = 1 +O(
2).
At next to leading order we are lead by the see saw formula to consider the matrix
g =
g1 0
0 g4 − gT2 g−11 g2
that has the same eigenvalues and eigenvectors of g to 2 order.
We will use the parametrization:
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and the expansions:
φ = φaT a ξ(x) = ξm2m1fm1(x)T
m2 .
Since ξ only contain nonzero modes, the fmi satisfy:∫
dxfmi(x) = 0 . (A.4)
Adding the constant function to the fmi we obtain a complete set:∑
mi
fmi(x)fmi(y) = δ(x− y)− 1 . (A.5)




















and are valid if A, B are hermitian matrices.
Inserting (A.3) in (A.1) we obtain:
〈dU †dU〉 = 〈U †ξdUξU0dU †0 + dU †ξUξU †ξdUξ + U0dU †0dU0U †0 + U †0dU †ξUξdU0〉 (A.9)
and note that blocks like U †dU are easy to calculate since they are elements of the
algebra.







(ξdξ − dξξ) + 4i
F 3
(2ξdξξ − ξ2dξ − dξξ2) (A.10)
and consequently:
dU †ξUξ = (U
†
ξdUξ)
† = −U †ξdUξ . (A.11)
To calculate the block containing the zero modes we define the M(y) matrix by:
M(y) ≡ e 2iyF φe− 2iyF (φ+dφ) (A.12)
and we see that U0dU
†








F cφc ]abT b M(0) = 1 , (A.13)
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1− e− 2iF φ˜
φ˜
]ab
dφaT b ≡ −AabdφaT b = −dU0U †0 (A.14)
where φ˜ = F aφa. Last equality is a consequence of the reality of the structure
constants.




















n2ξTm2ξ−ξ2T n2Tm2 ]) .
(A.15)
At NLO det(1 + a) ∼ 1 + Tr [a] if the entries of a are small. To take the trace







The addend proportional to δ(0) would be there even in the p regime but it is zero
in dimensional regularization. And this is the explanation why we do not need to
consider a measure term in the p regime.
The other correction at NLO comes from Tr[gT2 g
−1
1 g2] and after straightforward









Combining these results we can calculate the measure:







The same procedure can be applied to the mixed regime parametrizations. Of course


























in the factorization for PQ calculations.




In the p-regime, for a theory with Nl quarks with mass ml/ΛQCD ∼ 2 and
Nh quarks with mass mh/ΛQCD ∼ 2, the LO ChPT Lagrangian is just like in the
continuum eq. (4.13). Taylor expanding U = e
2iξ




Tr [Mξ2] . (B.1)
In p-regime calculations we always take (the vacuum angle) θ = 0. In a finite volume
the momentum is quantized:







n ≡ (n0,n) ∈ Z4 . (B.2)


















V ≡ TL3 is the volume and M2ab = Σ(ma+mb)F 2 is the mass of a meson constructed out



















if Nl +Nh 6= 0.
158 Propagators
B.2. -regime
In the -regime the second addend in eq. (B.1) is NLO. The propagator is not
sensible to the quark mass. In a theory with N quarks in the -regime with non
degenerate masses ml/ΛQCD ∼ 4, the LO Lagrangian for the perturbative field ξ is
just
LChPT = Tr[∂µξ∂µξ] . (B.7)




















As a convention, when we put a bar over G or E we are dropping the zero modes.
B.3. mixed regime
For the mixed regime we have introduced two parametrizations. Depending on
the situations one may find one more convenient that the other. We treat the most
general case with non degenerate light and heavy masses. There will be Nl quarks
with masses mli/ΛQCD ∼ 4 and Nh quarks with masses mhi/ΛQCD ∼ 2 and a total
of N = Nl + Nh quarks with masses much smaller than ΛQCD. We consider first
the parametrization eq. (5.25). DefiningMh = diag{. . . ,mhi , . . . }1 we write the LO




Tr [Mhξ2] . (B.10)







δlclbδldlaG¯(x− y; 0)− δlclaδldlb
(



































δhchbδhdhaG(x− y;Mhcha)− δhchaδhdhbE¯(x− y;Mhchc ,Mhdhd)
]
,
A very interesting limit in practical applications is the PQ theory with Nv = Nl
epsilon regime valence quarks and Ns = Nh sea quarks. To consider this theory
1As a general convention we put subscripts h and l to matrices projected on the subspaces of
the Nh p-regime quarks and the Nl -regime quarks respectively.
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means to take the replica limit Nl → 0 at the end of the calculation. However the
first line of eq. (B.11) is ill defined in this limit. We have verified that for physical
observables divergent terms cancel each other. However one may prefer for practical
reasons to develop a parametrization in which divergences are canceled from the
beginning. This was the reason why we also introduced parametrization eq. (5.61).
As discussed in Chapter 5, the LO Lagrangian for the non perturbative field ξ
is:















so that both ξ and η count as . Instead it is shown that the topological charge ν:
ν ∼ 0 for Nl 6= 0, so the last addend in eq. (B.12) is not LO;
ν ∼ −1 for Nl = 0, so the last addend in eq. (B.12) is LO.
To treat both PQ and full theories on the same footing we keep the last addend in




















δlalbδhahbE¯ (x− y, 0,Mhaha) ,
































It is easy to check that the propagator is now well-defined in the limit Nr → 0.
The singlet part of the propagator of the l modes in eq. (B.13)) has a double pole
structure as in the quenched case eq. (5.47), but instead of the singlet mass, what
appears in the numerator is the heavy mass gap, M2hh. This double pole is a non-
decoupling effect that only appears because the theory is partially-quenched.
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B.4. Loops
Loop diagrams will produce linear combinations of G(0,M) if a p-regime meson
or G(0, 0) if respectively a p-regime or an -regime meson is circulating. We evalu-
ated these functions in the MS scheme.
We get:






+GV (0,M) . (B.16)









(ln(4pi) + Γ′(1) + 1)
]
, (B.17)








|z|K−1(M |z|) . (B.18)
In the massless limit the divergence disappears and the tadpoles only depends on L
and T :






























exp(−pixn2) = ϑ3(0, exp(−pix)) ,

































Space time integrations in ChPT
To improve the quality of the signal, one considers on the lattice spatial integrals
of correlators: ∫
d3x〈O(x)O(0)〉 .
We explain in this section the essential intermediate steps used to derive the main
results and the conventions to write them in a compact form. We restrict here to
ChPT and leave HMChPT for a later section.
Once we integrate over space, the correlators exhibit exponential decay at large



































if the mass is of order 4.
At NLO some correlators (eg vector correlators) may receive contributions in which
two mesons are propagating. In the most general case in which the mesons have
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that gives:

















(x0,M2p) + (M1 ↔M2)
)}
,
where we have introduced the shorthand Map ≡
√
M2a + p
2. This expression is
substituted by:










when M2 lays in the -regime. The over line indicates as always that some zero
modes are subtracted to make the series well defined. Another interesting limit is
the one Ma →Mb:










√|q|2 +M2T/2) . (C.6)
The last limit we have to consider Ma = Mb = 0 occurs when both pions propagating
lay in the -regime:










becomes now a constant depending only on the shape of the box [163].
Appendix D
Space time integrations in
HMChPT
D.1. The finite volume propagator in the rest frame
We start by considering the propagator of the heavy-light mesons in Euclidean
space and at finite volume. The propagator of HQET is obtained by writing the
four-momentum of the heavy quark pµ as: pµ = mhvµ + kµ and keeping only the
leading term in the residual momentum kµ. We consider here the rest frame, where
v = (i, 0, 0, 0). For subtleties related to the Euclidean formulation for v 6= 0 the
reader can refer to [77,78]. In order to obtain the heavy quark propagator, one start
from the Dirac quark propagator in coordinate space and we take the heavy quark

























The projector (1 + γ0)/2 retains only the particle content of the heavy quark, and
for this reason the propagation in (D.1) is forward in time.
In the effective theory the exponential is factorized, and the static propagator at











We now consider a finite box V = L3T with periodic boundary conditions. Analo-
gously to (D.1), the finite-volume Dirac propagator in the heavy quark limit is given
by







i(p0 − imh) , (D.3)
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In the mh →∞ limit, this reproduces the result of the infinite volume (D.1). Con-





which is exactly the propagator we obtain from the kinetic term of the HMChPT
Lagrangian, eq. (4.54). The heavy propagator has the same form as in infinite
volume: this is not surprising, since it describes a static particle, which is not
sensitive to the presence of a finite box.
D.2. Space integrals (p-regime)
We present here the results for the integrals over space that are needed in finite-
volume HMChPT when the light quark is in the p-regime. V (x) represents the
static propagator, eq. (D.5), while G(x,M) is the pion propagator eq. (B.4)). The

































d3x d4z d4wV (x− z)V (z − w)V (w)∂zα∂wβG(z − w,M);(D.9)



































d3x d4z d4wV (x− z)V (z − w)V (w) = 1
16
x20θ(x0). (D.14)
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D.3. Space integrals (-regime)
In the -regime the integrals to be computed are the same as above, with G(x,M)
substituted by G(x, 0) defined in eq. (B.9). We will denote the corresponding inte-



























































A4;αβ(x0) = 0 if α 6= β . (D.19)
The function h1(x0/T ) is defined in eq. (C.2). Notice that no new integrals have to
be considered in the mixed-regime case.
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Appendix E
Summary of zero-mode group
integrals
Here we summarize the most essential zero-mode group integrals which are
needed in the general partially quenched case, see also [141] for additional details.
The zero-mode contribution to the partition function with n bosons and m
fermions is known as seen in eq. (5.43). In this paper, we need the case with












Kν(µb) Iν(µv) Iν(µs1) Iν(µs2) · · ·







s2Iν+2(µs2) · · ·
· · · · · · · · · · · · · · ·
 ,
(E.1)
and (n,m) = (2, N + 2):
Zν2,2+N(µb1, µb2|µv1, µv2, {µs}) =
1











Kν(µb1) Kν(µb2) Iν(µv1) Iν(µv2) · · ·







v2Iν+2(µv2) · · ·
· · · · · · · · · · · ·
 .
(E.2)
Here µb = mbΣV , µv = mvΣV , where mb, mv, denote the masses of the valence
bosons, the valence quarks respectively. Partially quenched observables can be com-
puted by differentiating eq. (E.1) or eq. (E.2) with respect to suitable sources and
subsequently taking the limit µb → µv.
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As building blocks, we use two quantities defined in Eqs. (6.29) and (6.30),
ΣPQν (µv, {µs})
Σ
and DPQν (µv1, µv2, {µs}). (E.3)
Note that in the degenerate limit µv1 = µv2 = µv,














The needed formulae for one valence index are
1
2


































〈(Uvv + U †vv)2〉U −
1
4

















For two valence indices,
1
4
〈(Uvv + U †vv)(Uv′v′ + U †v′v′)〉U = DPQν (µv, µv′ , {µs}), (E.10)
1
4











〈(Uvv′ ± U †v′v)2〉U =
1
4









































〈Uvv′U †vv′ + Uv′vU †v′v〉U = 0 (E.15)
were also derived in [141].




For the computation of vector and axial vector correlation functions we needed
a set of zero-mode expectation values involving three zero-mode fields U . These can
be reduced to known integrals by means of exact identities on the group manifold of
U(N). Such relations correspond to Schwinger-Dyson equations on the group mani-
fold and encode, in physics terms, Ward-Takahashi Identities (WTI) of spontaneous
chiral symmetry breaking in a sector of fixed topological charge ν. The derivation
below follows the method described in detail in Appendix B of [112].
Let ta denote generators of U(N) in a chosen representation, here the funda-
mental. In addition, let a be infinitesimal parameters. We introduce left-handed
differentiation ∇a on the group by means of
F (eiat
a
U) = F (U) + a∇aF (U) + . . . (F.1)
The derivatives ∇a give rise to a standard Leibniz rule, and left-invariance of the
Haar measure on U(N) ensures that∫
dU ∇aF (U) = 0 . (F.2)
Choosing different functions F (U) this simple identity generates an infinity of exact
relations on the coset of symmetry breaking for the zero-mode fields. For the present
purposes we can choose, e.g.,
F (U) ≡ Tr[M1U ]Tr[U †M2]P (U), (F.3)
where M1 and M2 are arbitrary N ×N matrices, and the Boltzmann weight P (U)
is defined in the obvious way:




tr(MU + U †M)
]
. (F.4)
Different choices of the matrices M1 and M2 lead to identities that are useful
in connection with the vector and axial vector correlators. For example, (M1)ij =
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δiv′t
a
v′j and (M2)ij = δivδvj (and the similar choice with indices v and v
′ swapped)














where we used M† = M, and the hermitian conjugate relation (Note (detU)ν =
(detU †)−ν),








Another choice, (M1)ij = δivt
a
v′j and (M2)ij = δivδv′j gives









See the appendix E for the last equality to zero. The hermitian conjugate also
vanishes,




En los an˜os setenta se propuso que una teor´ıa de gauge basada en el grupo
SU(3) podr´ıa explicar las interacciones fuertes. Esta teor´ıa fue bautizada QCD
(CromoDina´mica Cua´ntica). Su fenomenolog´ıa de altas energ´ıas esta´ caracterizada
por la “libertad asinto´tica”, o sea los quarks interaccionan debilmente en colisiones
de altas energ´ıas. Esto se puede representar a trave´s de una constante de acoplo
αS(µ) cuyo valor depende de la escala de energ´ıa relevante en el proceso, µ. Cuando
µ crece, αS(µ) decrece logaritmicamente, haciendo posible una expansio´n perturba-
tiva a energ´ıas bastante altas. En este regimen los resultados experimentales esta´n
de acuerdo con la teor´ıa.
Sin embargo, a bajas energ´ıas αS(µ) crece y el desarrollo perturbativo pierde sentido.
Una de las caracteristicas de QCD cuyo origen es no perturbativo es el confinamento:
en estados asinto´ticos no pueden aparecer part´ıculas con carga de color no nula.
Para tratar QCD en este regimen hay dos te´cnicas que permitan tratar los errores
de manera sistema´tica: Lattice QCD y Teor´ıas Efectivas (EFTs).
Lattice QCD es una regularizacio´n de QCD en la que se discretiza el espacio tiempo.
Se rompen las simetr´ıas de Lorentz, pero una vez nos pongamos en una caja de lon-
gitud L esto permite construir un sistema estad´ıstico cuyas funciones de correlacio´n
se pueden calcular a trave´s de simulaciones Monte Carlo de forma no perturbativa.
En este proceso se generan unos errores sistema´ticos:
Estadisticos debidos al hecho que los observables se miden en un nu´mero
limitado de configuraciones
Discretizacio´n las simulaciones se hacen a un espaciado finito a 6= 0 lo cual
implica un cutoff ∼ 1/a
Efectos de volumen se deben a las part´ıculas ma´s ligeras, o sea los piones y
son despreciables so´lo si MpiL 1.
Estos errores son intr´ınsecos. Por otro lado, siendo los recursos computacionales
limitados, es necesario hacer otras aproximaciones, al menos en el presente y un
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futuro pro´ximo. Por ejemplo, es dificil simular sobre un ret´ıculo tal que el cutoff
ultravioleta sea mucho mayor de la masa del quark ma´s pesado (digamos el bottom)
y al mismo tiempo mantener MpiL 1. Tambie´n es dificil simular masas pequen˜as
porque el ca´lculo de los propagadores requiere invertir el operador de Dirac, y es
mucho mas costoso si el autovalor menor es pequen˜o. Por lo tanto se suele simular
a masas no f´ısicas derivando el resultado f´ısico en un segundo momento a trave´s
de una extrapolacio´n, guiada como veremos por la teor´ıa efectiva. Otras aproxi-
maciones son las llamadas Quenched y Partially Quenched (PQ). En estos casos se
ponen masas de quarks de valencia (las que aparecen el las patas externas) y de
mar (las que aparecen en los loops internos) diferentes para disminuir el coste de la
simulacio´n.
En las EFTs, una vez se haya establecido el espectro de estados asinto´ticos cuya
f´ısica se quiere describir (o sea hadrones en lugar de quarks en el caso de QCD), se
considera un Lagrangiano en el que aparecen todas las posibles interacciones com-
patibles con las simetr´ıas de QCD.
Es necesario entonces an˜adir una regla que permita elegir los terminos ma´s relevantes
de dicha expansio´n. Como tratamos de describir fenomenolog´ıa de bajas energ´ıas es
conveniente considerar una expansio´n en los momentos y las masas de los estados
asinto´ticos, segu´n sugirio´ Weinberg. En este caso, a un orden de precisio´n fijado, las
predicciones de la teor´ıa efectiva dependera´n de un nu´mero finito de para´metros, los
acoplos de bajas energ´ıas (LECs).
La Teor´ıa de perturbaciones quiral (ChPT), es una expansio´n alrededor del l´ımite
quiral mu = md = ms = 0 en el que aparece una simetr´ıa de sabor SU(3)L×SU(3)R.
Esta simetr´ıa esta´ rota espontaneamente en SU(3)V y se supone que los mesones
pi, K, η sean los bosones de Goldstone asociados. Son mucho ma´s ligeros que los
otros hadrones, que por lo tanto pueden ser desacoplados. ChPT permite tratar con
buena aproximacio´n quarks con masas ml, ml  ΛQCD, siendo ΛQCD la escala de
momentos tipica de los procesos que ocurren al interior de los hadrones. En este
grupo seguramente esta´n el up y el down, y probablemente el strange.
De todas formas tambie´n los estados ma´s pesados se pueden incluir en la teor´ıa.
Por ejemplo las interacciones de bajas energ´ıas de los piones con los mesones HL,
cuyos quarks de valencia son un quark pesado con masa mh  ΛQCD y uno ligero
ml  ΛQCD, son descritos por HMChPT.
Para tratar quarks cuya masa mh  ΛQCD constituye una buena aproximacio´n
considerar una expansio´n de QCD en potencias de 1/mh. Esta expansio´n se llama
HQET y HMChPT es la teor´ıa de perturbaciones quiral para HQET. A primer or-
den la masa de los quarks pesados mh desaparece de la teor´ıa.
Por lo tanto, el cutoff de ambas ChPT y HMChPT es Λχ, Λχ ∼ 1GeV.
Los acoplos de estas teor´ıas no esta´n fijados por las simetr´ıas. Son unas predic-
ciones de QCD y podr´ıan ser calculados usando me´todos no perturbativos o bien
se podr´ıan medir en experimentos. El objetivo de esta tesis es su determinacio´n a
trave´s de Lattice QCD. Para este fin se calculan unas funciones de correlacio´n tanto
en Lattice QCD como en la teor´ıa efectiva. Comparando los resultados se pueden
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determinar las LECs.
Cabe mencionar que las teor´ıas efectivas pueden ser utilizadas no so´lo para ex-
trapolar en las masas, sino tambie´n para controlar efectos de discretizacio´n, de
volumen, y los debidos al quenching o partial quenching.
En part´ıcular, para que se pueda u´tilizar la teor´ıa efectiva para calcular los efectos
de volumen, la longitud del ret´ıculo debe satisfacer la condicio´n: ΛχL  1. Esta
condicio´n asegura que la fenomenolog´ıa de bajas energ´ıas este´ controlada por los
PGBs.
Aun as´ı, pueden ocurrir dos situaciones diferentes:
p-regime: la masa de los PGBs, MPGB, es ma´s grande que 1/L, la longitud
de correlacio´n cabe en el ret´ıculo y los efectos de volumen esta´n suprimidos
por e−MPGBL
-regime: MPGB es ma´s pequen˜a que 1/L. Por lo tanto los efectos de volumen
no son despreciables. Es importante notar que las LECs no resultan afectadas
por efectos de volumen ya que contienen la informacio´n de altas energ´ıas (o
sea de pequen˜as distancias) que son relevantes en la f´ısica de bajas energ´ıas.
Con el adviento de simulaciones 2+1, siendo la masa del quark strange mucho mayor
que la del up y down, se necesitara´ una expansio´n diferente en la que el strange este´
en el p-regime y el up y down en el -regime. En esta tesis se ha desarrollado por
primera vez el formalismo necesario y se ha bautizado la nueva expansio´n “mixed-
regime”.
En realidad es todav´ıa muy dificil simular a las masas f´ısicas de los quarks up y down.
Por lo tanto una alternativa ser´ıa simular masas de valencia cercanas a sus valores
f´ısicos (y en el -regime) y masas del mar ma´s grandes (en el p). Estas teor´ıas se
llaman Partially Quenched (PQ) y aunque no sean unitarias admiten la construccio´n
de teor´ıas Efectivas de bajas energ´ıas. A ChPT le corresponde PQChPT. El punto
importante es que las constantes de acoplo no son afectadas por el PQ: si el nu´mero
de quarks del mar es 3, las LECs de PQChPT sera´n las misma´s que las de ChPT. Por
lo tanto en esta tesis se han calculado los correladores escalares, pseudoescalares,
vectoriales, axiales para mesones formados por quarks ligeros a NLO tanto para
QCD como para Partially Quenched QCD y Quenched QCD [17,18].
Tambie´n en caso de mesones formados por un quark “pesado” y uno ligero,
nos esperamos que los efectos de volumen ma´s relevantes sean siempre debidos a
la nube de PGBs ma´s ligeros generada por fluctuaciones cua´nticas. Siempre que
valga ΛχL  1, estos efectos deber´ıan ser predecibles en HMChPT, tanto en el p-
como en el -regime. En [21], el -regime para mesones HL ha sido implementado
por primera vez. En el mismo art´ıculo se han analizado efectos de volumen tanto
para tratar funciones de correlacio´n de mesones cuyo quark pesado tiene una masa
mh, mh  ΛQCD (p-regime) en el mixed regime de ChPT, como para mesones cuyo
quark pesado tenga una masa mh  ΛQCD y que se puedan tratar en HMChPT.
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En ambos sistemas los efectos de volumen ma´s relevantes se deben a los PGBs ma´s
ligeros.
Hay varias razones por las que es importante hacer simulaciones en las que unos
quarks este´n en el -regime:
nos permite relajar la condicio´n MPGBL 1 a la hora de simular quarks con
masas cercanas a las del up y down;
es ma´s universal en el sentido que las funciones de correlacio´n dependen de
menos LECs;
los errores sistema´ticos que aparecen en el  son muy diferentes de los que
aparecen en el p-regime, tanto desde el punto de vista de la teor´ıa efectiva
como desde el punto de vista de las simulaciones nume´ricas.
Finalmente tratamos las cuestiones que surgen a la hora de simular quarks muy
ligeros. Un asunto muy importante es controlar que la simetr´ıa quiral se respete.
Las regularizaciones sobre ret´ıculo rompen en general las simetr´ıas del continuo. La
discretizacio´n introducida por Wilson en 1974 rompe la simetr´ıa quiral con oper-
adores de orden a. En una situacio´n en la que estamos simulando masas pequen˜as,
los efectos de ruptura soft debidos a las masas llegan a ser del mismo orden de
magnitud de los debidos a la discretizacio´n. Estos efectos pueden inducir un cambio
de fase. En la nueva fase (llamada fase de Aoki), no se puede obtener QCD masiva
tomando el l´ımite a→ 0.
Por lo tanto durante mucho tiempo las simulaciones en el -regime siempre se han
hecho utilizando fermiones Ginsparg-Wilson (GW), que respetan la simetr´ıa quiral.
Recentemente unas colaboraciones han observado que los efectos de ruptura podr´ıan
ser no tan grandes como se esperaba en un primer momento.
Sin embargo en esta tesis se ha perseguido un enfoque ma´s conservador y se han
aplicado nuestros resultados al ana´lisis de simulaciones efectuadas con:
Acciones mixtas, con 2 sabores de quark del mar en el p-regime y usando
fermiones de Wilson, por su bajo coste computacional, y quark de valencia en
el p- o en el -regime, usando fermiones Overlap (GW).
Fermiones Overlap tanto en el sector de valencia como en el sector del mar.
G.2. Resultados
G.2.1. ChPT
El Lagrangiano que describe la dinamica de los PGBs a bajas energ´ıas debe




SU(3)R × SU(3)L rota esponta´neamente a SU(3)V en el l´ımite quiral: mu =
md = ms = 0.
Para construir el Lagrangiano se parametrizan los PGBs a trave´s del campo U que,
siendo L y R matrices de SU(3)L y SU(3)R respectivamente, transforma como:
U → LUR† U = e 2iξF , (G.1)
donde los PGBs esta´n representados por el campo ξ.
Si queremos imponer que el Lagrangiano respete localmente la simetr´ıa quiral ten-
emos que definir una derivada covariante:
DµU ≡ ∂µU + ilaµT aU − iUT brbµ . (G.2)
donde r y l son fuentes izquierdas y derechas. Tambie´n consideramos la posibilidad
de que haya masas complejas:
χ ≡ 2Σ(s+ ip)
F 2
(G.3)
siendo el caso f´ısico representado por s =M y p = 0. A primer orden en la expansio´n






† − (χ†U + U †χ)] . (G.4)
En el caso de masas degeneradas, los PGBs tienen una masa al cuadrado propor-





A orden p4 obtenemos [59]:
L4 = −L0〈DµU †DνUDµU †DνU〉 − L1〈DµU †DµU〉2 − L2〈DµU †DνU〉〈DµU †DνU〉
−L3〈DµU †DµUDνU †DνU〉+ L4〈DµU †DµU〉〈χ†U + χU †〉
+L5〈DµU †DµU(χ†U + U †χ)〉 − L6〈χ†U + χU †〉2 − L7〈χ†U − χU †〉2
−L8〈χ†Uχ†U + χU †χU †〉+ iL9〈FRµνDµUDνU † + FLµνDµU †DνU〉
−L10〈U †FRµνUFLµν〉 −H1〈FRµνFRµν + FLµνFLµν〉 −H2〈χ†χ〉 , (G.6)
donde
FRµν = ∂µrν − ∂νrµ − i[rµ, rν ]
FLµν = ∂µlν − ∂νlµ − i[lµ, lν ] . (G.7)
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Las corrientes y los bilineares de quarks escalares y pseudoescalares se obtienen
simplemente derivando el Lagrangiano con respecto a las fuentes adecuadas.
En una primera parte se han analizado los efectos de volumen para un sistema con
Nl quarks ligeros y Nh pesados. Se ha implementado el arriba mencionado mixed
regime. Precisamente se asigna a las masas de los quarks y al campo ξ el siguiente
power counting:
ξ ∼ p ∼ 1/L ∼  ml ∼ 4 mh ∼ 2 . (G.8)
Como se demostro´ en [15], los modos cero de los piones cuya masa al cuadrado sea
de orden 4 tienen que ser tratados de forma no perturbativa y se dice que esta´n






d4xTr [ξ(x)] = 0 . (G.9)
Y la matriz U0 ∈ SU(Nl) se integra no perturbativamente. Para tratar el caso
del mixed regime hemos introducido dos parametrizacio´nes que dan los mismos
resultados, pero resultan ma´s o menos convenientes segu´n los casos tratados. En












donde el campo ξ satisface: ∫
d4x Tr [T aξ] = 0, (G.11)
siendo T a un generador de SU(Nl).
Dicha parametrizacio´n implica una medida de integracio´n en el path integral no
trivial. Tanto la medida como los propagadores han sido calculados en los Ape´ndices.
Hemos analizado en [17, 18] correladores en cuyas patas externas so´lo aparecen
quarks en el -regime. Para mejorar la sen˜al, en Lattice QCD se consideran corre-
ladores integrados en la variable espacial.









































Las convenciones utilizadas esta´n explicadas en los Ape´ndices.






























µl ≡ mlΣV. (G.19)










































































Las funciones K representan integrales sobre los modos cero. A topolog´ıa fijada son




〈(Uvv′ + Uv′v ± U †v′v ± U †vv′)2〉U(Nl),
K1(Nl)± ({µl}) = 1±
1
2
〈UvvUv′v′ + U †vvU †v′v′〉U(Nl) ±
1
4




〈(Uvv ± U †vv)(Uv′v′ ± U †v′v′)〉U(Nl),
K3(Nl)({µl}) = 1
4
〈Uvv′Uv′v + U †v′vU †vv′)〉U(Nl), (G.24)








El sub´ındice []NLO implica que en lugar que Σ se tiene que usar Σ˜. Los resultados
expl´ıcitos para estas integrales se muestran en la Secc´ıon 6.2.
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〈Uvv + U †vv〉U(Nl), (G.28)
J 0(Nl)± ({µl}) ≡ 1±
〈Uvv′U †vv′ + UvvU †v′v′ + h.c.〉U(Nl)
2
, (G.29)





vv(UMlU)v′v′ + U †vv′(UMlU)vv′ + h.c.〉U(N)
2
)
± (v ↔ v′)
(G.30)
Los resultados en las teor´ıas PQ (Nl = 0 o Nh = 0 pero siempre N 6= 0) se pueden
obtener a partir de las expresiones de arriba tomando los l´ımites Nl → 0 o Nh → 0.
Estos l´ımites son triviales para las contribuciones perturbativas, mientras que para
las integrales de eq. (G.24), eq. (G.28) y eq. (G.30) el procedimiento es ma´s com-
plejo. Hemos discutido estas integrales en el Ape´ndice E.
Observamos que los resultados obtenidos esta´n de acuerdo con el teorema del decou-
pling. Aparte efectos de volumen suprimidos por e−MhL, el u´nico efecto de los quarks
en el -regime es una renormalizacio´n de los acoplos Σ y F . O sea que los resultados
obtenidos se pueden identificar con los obtenidos en un sistema completamente en
el -regime. En particular:
los resultados en la teor´ıa full son identificables con los que se obtendr´ıan en
una teor´ıa con so´lo Nl quark en el -regime
los resultados en la teor´ıa PQ se identifican con los de una teor´ıa Quenched
con quarks de valencia en el -regime.
Se pueden ver unas graficas de los resultados obtenidos en las Figs. 6.3, 6.4, 6.5, 6.6.
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G.2.2. HMChPT
El mismo formalismo empleado en la seccio´n precedente ha sido u´tilizado para
tratar sistemas HL. Saber predecir efectos de volumen en el -regime es de fundamen-
tal importancia para tratar mesones que contengan un quark bottom. Si juntamos
las condiciones:
mba 1 MpiL 1 (G.31)
obtenemos para los valores de las masas f´ısicas que:
L/a ∼ 300 (G.32)
lo que requiere una potencia de ca´lculo que ni esta´ disponible hoy en d´ıa, ni lo sera´
en los pro´ximos an˜os. Resulta muy u´til entonces desarrollar unas teor´ıas efectivas
que sirvan para:
integrar la masa del quark pesado mb: de esta manera la escala mb desa-
parece del problema y podemos relajar la condicio´n mba 1 para mca 1 o
simplemente ΛQCDa 1 si integramos tambie´n mc;
tratar efectos de volumen en la situacio´n MpiL ≈ 1.
La teor´ıa en la que se integra la masa del quark pesado se llama HQET [14,32,33].
A primer orden en 1/mh la dina´mica de QCD se simplifica mucho, en particular
las interacciones son independientes del esp´ın y del sabor de los quarks pesados.
En HQET los campos que aparecen en el Lagrangiano son siempre quarks. La
teor´ıa efectiva quiral que trata de los hadrones en esta aproximacio´n se llama HM-
ChPT [12,13,75].
Es interesante considerar al mismo tiempo los efectos de volumen para dos tipos
de mesones formados por un quark ma´s pesado con masa mh y uno ma´s ligero con
masa ml:
1. El quark pesado se puede tratar en ChPT, o seamh  ΛQCD. Se trata entonces
de considerar correladores de mesones parecidos a kaones, en el mixed regime
introducido anteriormente.
2. El quark pesado se puede tratar en la aproximacio´n de quark esta´tico: e´stos son
los mesones propiamente dichos HL. Para tratar este caso hace falta desarrollar
HMChPT en el -regime.
No obstante estas situaciones son muy diferentes, son siempre los PGBs ma´s ligeros
quienes causan los efectos de volumen ma´s relevantes. Despue´s de presentar los
resultados obtenidos para correladores left y pseudoescalares, discutimos en que´ se
diferencian los efectos de volumen en estas dos situaciones. Consideramos siempre
correladores integrados en la variable espacial. Para el caso de mh  ΛQCD:
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(δihδjl + δilδjh). (G.35)
Este caso es u´til para analizar correladores de kaones en los que el quark strange
esta en el p- y los quarks up y down esta´n en el -regime. Como para mesones light
light el me´todo de las re´plicas puede u´tilizarse para obtener los resultados PQ. En































































































En [21] tambie´n hemos considerado el caso en que las masas en los varios sectores
no esta´n degeneradas y correladores pseudoescalares.
Ahora tratamos el caso de correladores HL en el caso de HMChPT.






[−iP a∗µ γµ − iP aγ5], (G.41)
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y P ∗, P respectivamente los mesones vectoriales y pseudoescalares:
v · P ∗ = 0 . (G.43)
Es conveniente incluir los PGBs en la teor´ıa a trave´s de
√





U → L√UW † or √U → W√UR†, siendo W funcio´n de R, L y
ξ. Por otro lado H transforma como:
H → HW † . (G.44)
Gracias a esta eleccio´n las transformaciones de H bajo paridad no involucran a los
PGBs [76].































), Aµ → WAµW † . (G.46)





ab + iVbaµ )Hb]− igpiTr[HaHbγ5γνAbaν ]. (G.47)
La dina´mica de los PGBs esta´ descrita siempre por (4.13).
A partir de (G.47) podemos deducir que en el caso v = (i,0) los mesones HL so´lo
se propagan en el tiempo. Para los propagadores obtenemos:
〈P a(x)P b†(y)〉 = δabV (x− y) (G.48)
〈P a∗µ (x)P b∗†ν (y)〉 = δabV (x− y)(δµν − δµ0δν0), (G.49)
siendo V (x − y) = 1
2
δ(x − y)θ(x0 − y0). La derivacio´n de e´stas y otras fo´rmulas
relevantes se ha hecho en el Ape´ndice D.1.
La interaccio´n entre mesones HL y un nu´mero impar de PGBs esta´ mediada por el
acoplo gpi.
El Lagrangiano en eq. (G.47) es sime´trico bajo Lorentz, C, P, T y la simetr´ıa de
sabor-esp´ın SU(2NH).















En la tesis se han considerado 3 situaciones distintas para los quarks ligeros:
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1. Nl quarks en el -regime
2. N quarks en el p-regime
3. Nl quarks en el -regime y Ns en el p (HMChPT en el mixed regime).
En el p-regime obtenemos:

























siendo M2 = 2mΣ/F 2 y Mp =
√
M2 + p2, mientras que











La funcio´n P fue definida en eq. (C.1). Los para´metros libres en esta expresio´n son:
a = FP
√
MP Σ, F , gpi, η0, η3.




i + ηiλ(µ) , (G.54)








(1 + 3g2pi) . (G.55)




cuya medida ha sido calculada en el ape´ndice A, y no contribuye al observable que
consideramos.
En el Lagrangiano de HMChPT aparece
√













siendo A y B Hermı´ticas y de orden  y 2. Imponiendo:(√
U
)2
























que se puede resolver una vez especifiquemos una parametrizacio´n para U0.
Hemos analizado el caso Nl = 2 con coordenadas hiperesfe´ricas:√
U0 = cosψ + i sinψ sin θ cosφσ1 + i sinψ sin θ sinφσ2 + i sinψ cos θσ3 , (G.61)
siendo σi las matrices de Pauli. El rango de los para´metros es:
ψ ∈ [0, pi], θ ∈ [0, pi], φ ∈ [0, 2pi] . (G.62)
Hemos obtenido:









H(x0, L, T ) + g
2
piH


















P (x0, |p|)−G(0, 0)
)
,




(P (x0, |p|)− P (0, |p|)) . (G.64)
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Las funciones h1 y P se definieron en eq. (C.2), eq. (C.1), mientras que el propagador
G(0, 0) fue definido en eq. (B.19).
Sen˜alamos que:
como en ChPT, no hay divergencias
el nu´mero de acoplos relevantes a NLO es reducido (no aparecen η0,3)
la dependencia temporal recibe correcciones de volumen relevantes a trave´s de
h1
En Fig. 7.1, mostramos el ratio del correlador a volumen finito partido por el re-
sultado de volumen infinito en x0 = 1 fm como funcio´n del volumen y con gpi = 0
y gpi = 0.44, como se ha obtanido recientemente en [84]. Las correcciones son del
orden O(3− 4%) a 2 fm, y la dependencia en gpi es pequen˜a.
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En Fig. 7.2, ensen˜amos la dependencia temporal despue´s de dividir por exp(−∆M ()t).
Estos resultados son u´tiles para describir con buena aproximacio´n los efectos de vol-
umen para mesones D o B. Los resultados en el mixed regime, que no presentamos
en este resumen, se pueden utilizar para tratar el caso de mesones Bs y Ds.
Analizamos ahora hasta que´ punto los efectos de volumen son parecidos en el
caso de mesones HL con quark pesado esta´tico o en el p-regime. Los efectos de
volumen dependen de la propagacio´n de los PGBs hacia las paredes del ret´ıculo.
Aunque consideremos operadores con nu´meros cua´nticos de mesones HL, se emiten
mesones ligeros por efectos cua´nticos. La probabilidad que eso pase depende de la
masa del quark pesado, y diferencia los efectos de volumen en estos dos casos.
Cerca del l´ımite quiral los mesones pseudoescalares tienen masas mucho menores de
sus compan˜eros vectoriales. Por lo tanto los mesones vectoriales se desacoplan de la
teor´ıa. Sin embargo en el l´ımite esta´tico, mesones pseudoescalares y vectoriales esta´n
degenerados porque la interaccio´n es independiente del esp´ın. Por consiguiente, los
efectos de volumen en estas dos situaciones son los mismos aparte efectos de orden
g2pi, el acoplo entre mesones HL y mesones ligeros.
Argumentos de caracter general [151] y datos experimentales [152] dejan entender
que en primera aproximacio´n los efectos de volumen para cualquier masa del quark
pesado se pueden tener en cuenta considerando que los mesones ligeros son emitidos
so´lo por mesones vectoriales y pseudoescalares.
Hemos averiguado que efectivamente la dependencia de nuestros correladores en las
variables L, T y las masas de los quarks ligeros es la misma aparte efectos suprimidos
por 1/mH y terminos proporcionales a g
2
pi.
Estos resultados se aplican al ana´lisis de simulaciones ejecutadas en Lattice QCD
con quarks esta´ticos. La dependencia temporal para separaciones temporales bas-
tante grandes es:
C latJ (t) ≡
∑
x




siendo Estat = Mhl−mh la contribucio´n a la masa del meso´n HL debida a la energ´ıa
cine´tica de los grados de libertad ligeros.
Estat no se puede predecir en HMChPT. Se puede escribir:
Estat = E
(0)
stat + ∆M (G.67)
donde E
(0)
stat es la energ´ıa esta´tica en el l´ımite quiral, mientras que ∆M contiene las
correcciones quirales, predichas por HMChPT, que fueron calculadas en Eqs. (7.17),
(7.40), (7.43) y (7.45) para los varios casos considerados. De esta manera se intro-
duce un nuevo para´metro en el fit.
G.2.3. Ana´lisis de datos
Hemos aplicado los resultados obtenidos al ana´lisis de simulaciones de tipo mixed
action: los quarks del mar son simulados utilizando O(a) Wilson improved fermions,
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los quarks de valencia son Overlap.
Se puede demostrar [86–88] que una vez fijada la carga topolo´gica y tomando el
l´ımite ml → 0 en el -regime, QCD esta´ en la misma clase de universalidad de un
apropiado sistema estad´ıstico hecho de matrices casuales (Random Matrix Theory).
La ventaja de esta similitud es que RMT predice las distribuciones de probabilidad
de los autovalores pk(ζk;µ), donde λk = ζk/(ΣV ) es el k autovalor del operador de
Dirac no masivo. Estando QCD y RMT en la misma clase de universalidad, sus
autovalores mas bajos deber´ıan coincidir. La determinacio´n de LECs a trave´s de
observables espectrales, como alternativa a los me´todos tradicionales que implican
un matching de funciones de correlacio´n entre la teor´ıa efectiva y Lattice QCD, rep-
resentar´ıa un control muy valido, ya que los errores sistema´ticos son evidentemente
de naturaleza diferente.
pk depende del nu´mero de los sabores dina´micos y de la carga topolo´gica ν a trave´s
de la combinacio´n ξ = Nf + |ν|.
En nuestras simulaciones hemos considerado situaciones en las que so´lo los quarks
de valencia esta´n en el -regime. Como discutimos a la hora de presentar nuestros
resultados para los correladores, los quarks del mar pueden desacoplarse y los re-
sultados tienen la forma que tendr´ıan en una teor´ıa quenched en el -regime. Por
lo tanto en vez de comparar nuestros resultados con las predicciones de RMT para
ξ = 2+ |ν| tenemos que comparar con las para ξ = |ν|. Ma´s precisamente, creciendo
la masa de los quarks del mar los resultados deber´ıan efectuar una transicio´n con-
tinua del caso tal que ξ = 2 + |ν| al con ξ = |ν|. La dependencia de la masa del mar
puede entrar por ejemplo a trave´s de la renormalizacio´n del condensado Σ.
Hemos considerado las razones: 〈λk〉ν(M1)/〈λk〉ν(M2), siendo λk el k-e´simo auto-
valor del operador de Dirac yM1,2 dos masas diferentes para los piones. Comparamos
〈λk〉ν con las predicciones en el -regime de ChPT (i.e. quenched RMT). Nos esper-
amos que los resultados reproduzcan los de RMT si usamos un condensado efectivo:












y podemos deducir informacio´n sobre la dependencia de la masa del quark en el
p-regime de Σ˜r (o sea determinar L6).
Hemos usado configuraciones 48 × 243 generadas por la colaboracio´n CLS, con
fermiones Wilson O(a) improved a β = 5.3 y masas del mar κ = 0.13635, 0.13625.
Este setup corresponde a ≈ 0.08 fm, L ≈ 2 fm, y masas pio´nicas menores de 300
MeV y 400 respectivamente. Los detalles de la simulacio´n se pueden encontrar
en [160]. Utilizando fermiones Overlap de valencia podemos determinar la carga
topolo´gica a trave´s del teorema del ı´ndice.
Los resultados obtenidos son presentados en Fig. 8.9 donde comparamos con las
predicciones de quenched RMT para |ν| = 0, 1, 2.
Nuestros datos, en los que λ1 no aparece, esta´n de acuerdo con las predicciones
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de RMT. Por otro lado razones de autovalores en diferentes sectores topolo´gicos
incluyendo λ1 reproducen bien las predicciones de RMT como ensen˜amos en Fig. 8.9,
aunque los errores sean ma´s grandes.
Tratamos ahora la dependencia de la masa del condensado eq. (G.68). Fig. 8.9
ensen˜a que en buena aproximacio´n las razones de autovalores calculadas con masas
del mar diferentes no dependen ni de la topolog´ıa ni del nu´mero del autovalor. Este
es un check no trivial de que la dependencia de las masas de los quarks entra en las
predicciones de RMT a trave´s del condensado. Como resultado preliminar obten-
emos que Σ˜(M1)/Σ˜(M2) = 0.68(4), siendo el error so´lo estad´ıstico. La dependencia
tiene el signo correcto.
G.3. Conclusiones
Con el adviento de simulaciones 2+1 y el intere´s creciente hacia sistemas de
mesones heavy-light se hace necesario plantear una estrategia para tratar de forma
asequible sistemas con escalas diferentes en Lattice QCD. Una ayuda relevante llega
del hecho de poder extraer informacio´n sobre la dina´mica a volumen infinito a partir
de sistemas de volumen finito, cuya longitud no sea capaz de contener la longitud
de correlacio´n de las part´ıculas ma´s ligeras, los piones.
Otra situacio´n en la que nos encontramos a escalas diferentes es en el a´mbito de
simulaciones de tipo mixed action, con quarks de valencia en el -regime y quarks
del mar en el p-regime.
En este trabajo de tesis se ha desarrollado por primera vez el formalismo necesario
para tratar estas situacio´n, calculando las funciones a dos puntos relevantes para la
extraccio´n del condensado Σ y la constante de desintegracio´n del pio´n F en lo que
hemos bautizado como mixed regime.
Igualmente se han calculado funciones a dos puntos para mesones heavy-light en el
-regime.
Todos los resultados obtenidos esta´n de acuerdo en oportunos casos l´ımites con los
resultados ya presentes en la literatura.
Se han aplicado las predicciones obtenidas al ana´lisis de funciones de correlacio´n
calculadas con fermiones Overlap o con acciones mixtas. Los resultados obtenidos
hasta ahora esta´n de acuerdo con las predicciones de RMT.
